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Abstract

The construction, estimation of minimum distance, and decoding algorithms of
algebraic geometry codes can be explained without using advanced mathematics
by the notion of weight domains. We clarify the relation between algebraic geom-
etry codes and linear codes from weight domains. Then we review a systematic
construction which yields all weight domains.

1 Introduction

Algebraic geometry codes were defined in an algebraic geometric way, and many facts
about them, in particular estimation of minimum distance and decoding algorithms, are
also stated and proved algebraic geometrically. So it had been difficult to understand
algebraic geometry codes without the theory of algebraic curves. Recently Høholdt
et al. [HvLP97, HvLP98] observed that definition, estimation of minimum distance,
and decoding algorithms of algebraic geometry codes could be explained using only
the notion of a weight function, which is essentially a discrete valuation, and made un-
derstanding of algebraic geometry codes much easier. First we survey the construction
of linear codes with weight functions.
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Linear codes obtained with weight functions are generalization of so-called one-
point algebraic geometry codes. Next we survey a characterization of linear codes
from weight functions and their comparison to the ordinary one-point AG codes.

We construct linear codes from a commutative ring equipped with a weight func-
tion, which we call a weight domain. Finally we survey a systematic construction
which yields all weight domains.

We omit proofs of assertions and refer the reader to appropriate literatures when
they are available in English.

2 Evaluation codes and weight functions

2.1 Definition of evaluation codes

Throughout this paperK denotes a fixed finite field, andN0 the set of nonnegative
integers.R denotes a commutativeK-algebra, andn a positive integer in this section.

Definition 2.1 [HvLP98, Definition 3.5]A function ρ : R → N0∪{−∞} is said to be a
weight function onR if

1. ρ( f ) = −∞ iff f = 0.

2. ρ(c f ) = ρ( f ) for all nonzero c ∈ K.

3. ρ( f + g) ≤ max{ρ( f ),ρ(g)} and the equality holds if ρ( f ) 	= ρ(g).

4. If ρ( f ) = ρ(g) 	= −∞, then there exists c ∈ K such that ρ( f − cg) < ρ(g).

5. ρ( f g) = ρ( f )+ρ(g), where the sum of an integer and −∞ is −∞.

Remark 2.2 A weight function is a generalization of the degree of univariate polyno-
mials.

If R is aK-algebra with a weight functionρ, then there exists aK-basis{ f1, f2, . . .}
such thatρ( fi) < ρ( fi+1) for all i [HvLP98, Proposition 3.12]. We regard the setKn

consisting ofn-tuples of elements inK as a commutative ring with the componentwise
addition and multiplication. Letϕ : R → Kn be an epimorphism ofK-algebras. For a
positive integer�, we define theevaluation code E� ⊂ Kn by the linear space spanned
by ϕ ( f1), . . . ,ϕ ( f�), and its dual codeC�.

Let F/K be an algebraic function field of one variable [Sti93],Q a place of degree
one ofF/K, vQ the discrete valuation atQ, andL (∞Q) =

⋃∞
i=0L (iQ). Then−vQ

is a weight function on the ringL (∞Q). Let P1, . . . , Pn be pairwise distinct places of
degree one, andϕ : L (∞Q)→ Kn, f �→ ( f (P1), . . . , f (Pn)). Thenϕ is an epimorphism
of K-algebras,E� is a functional one-point algebraic geometry code, andC� is a residual
one.

Let g = �{m∈N0 | there is nof ∈R such thatρ( f ) = m}. By elementary arguments
we can show thatE� is an[n, �,d] code such thatd ≥ n+1−�−g if ρ( f�) < n [HvLP98,
Corollary 5.19], and the minimum distance ofC� is at least�+1−g [HvLP98, Theorem
5.24]. They correspond to the Goppa bound for the minimum distance of algebraic
geometry codes.
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2.2 Relation between an evaluation code and a one-point AG code

It is interesting what we can say about a ring with a weight function. The following is
known.

Theorem 2.3 [Mat99b] Let R be a K-algebra with a weight function ρ and R 	= K.
Then there exist an algebraic function field F/K, its place Q of degree one, and a
positive integer e such that F is the quotient field of R, R ⊆ L (∞Q) =

⋃∞
i=0L (iQ),

and ρ = −e× vQ. In other words, there exist a projective algebraic curve χ defined
over K and a K-rational point Q ∈ χ such that R is the ring of K-rational functions
regular at χ \ {Q} and ρ is a multiple of the pole order of rational functions at Q. In
particular, R is finitely generated over K, and is an integral domain.

Hereafter we call aK-algebra with a weight function aweight domain.
Evaluation codes and their duals are generalization of one-point AG codes. It is

interesting whether we can obtain a good linear code as (the dual of) an evaluation
code that is never obtained as a one-point AG code. Suppose thatR is a weight domain
with a weight functionρ. If R is integrally closed, then the evaluation codeE� and its
dualC� can be obtained as one-point AG codes. Thus to compare evaluation codes and
ordinary AG codes, it is enough to compare evaluation codes (and its duals) onR with
evaluation codes (and its duals) on the normalization ofR. It is shown that we cannot
obtain an evaluation code onR better than that on the normalization ofR [Mat99a]. For
precise statements, see [Mat99a].

3 Construction of weight domains

3.1 Construction of general weight domains

In this section, we review a class of defining equations which yields all weight domains.
The results in this section were already shown in [Miu97, Miu98, Pel], and they were
in part shown in the earlier paper [Miu94]. But our proofs are new and simpler than
the original given in [Miu97, Miu98] and similar to the proofs in [Pel]. The second
author proved his results [Miu97, Miu98] using the theory of algebraic function fields
[Sti93], while we prove all the results in an elementary way. Note that the second
author did not know the notion of weight domains and he did not state facts in his
papers [Miu94, Miu97, Miu98] in the framework of the weight domain.

Let H be a subsemigroup ofN0. We call{ρ( f ) | 0 	= f ∈ R} theassociated semi-
group of a weight domainR with a weight functionρ. We shall consider a weight
domainR with the associated semigroupH.

Lemma 3.1 If H = {0} then R = K.

Proof. Let x ∈ R andρ(x) = 0. By the condition 4 in Definition 2.1, there existsc ∈ K
such thatρ(x− c) = −∞, which impliesx = c.

So we assume thatH 	= {0}. N0 \H is finite iff the greatest common divisor ofH
is 1 [HvLP98, Corollary 5.12].ρ/gcd(H) is also a weight function onR. So we may
assume without loss of generality thatN0 \H is finite by replacingρ with ρ/gcd(H)
if necessary. IfH = N0 thenR is the univariate polynomial ring overK [Mat99b]. So
hereafter we also assume thatH 	= N0.

Suppose thatAt = {a1, . . . ,at} is a generating set ofH andai 	= 0 for i = 1, . . . ,t.
We shall introduce a monomial order induced fromAt .
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Definition 3.2 For (m1, . . . , mt), (n1, . . . , nt) ∈ Nt
0, we define (m1, . . . , mt) � (n1, . . . ,

nt) if
a1m1 + · · ·+ atmt > a1n1 + · · ·+ atnt ,

or
a1m1 + · · ·+ atmt = a1n1 + · · ·+ atnt ,

and m1 = n1, m2 = n2, . . . , mi−1 = ni−1, mi < ni, for some 1≤ i ≤ t.

Notice that the definition of� depends on the order of elements inAt .

Definition 3.3 [Miu94, Definition 6 and 8], [Miu97, Section 5.2], [Miu98, pp. 1408–
1409]We define B(At) = {(n1, . . . , nt) ∈ Nt

0 | if a1n1 + · · ·+ atnt = a1m1 + · · ·+ atmt
for some (m1, . . . , mt) ∈ Nt

0 then (n1, . . . , nt) � (m1, . . . , mt)}, and V (At) to be the set
of minimal elements in Nt

0\B(At) with respect to the partial order in Nt
0 such that (m1,

. . . , mt) is smaller than (n1, . . . , nt) if mi ≤ ni for i = 1, . . . , t.

Choosexi ∈ R such thatρ(xi) = ai. Let Xi be variable overK for i = 1, . . . , t,
andI ⊂ K[X1, . . . , Xt ] the kernel of the evaluation homomorphismXi �→ xi. We shall
show thatR = K[x1, . . . , xt ] (Corollary 3.5), and characterize the form of the reduced
Gröbner basis forI with respect to≺ (Theorem 3.10). Then we shall show that if a set
of polynomials is in such a form then it defines a weight domain conversely (Theorem
3.11). Basic facts in the Gr¨obner basis theory can be found in [AL94, CLO96]. We
assume that the reader is familiar with Gr¨obner bases. ForN = (n1, . . . , nt) ∈ Nt

0, we
denoteXn1

1
· · ·Xnt

t (resp.xn1
1
· · ·xnt

t ) by XN (resp.xN).

Proposition 3.4 [Miu94, Lemma 10], [Miu97, Lemma 5.13], [Miu98, p. 1410]{xN |
N ∈ B(At)} forms a K-basis for R.

Proof. By the definitions ofB(At) and the weight function, the elements in{xN | N ∈
B(At)} are linearly independent.

Let h be a nonzero element inR. There existsN ∈ B(At) such thatρ(xN) = ρ(h),
andcN ∈ K such thatρ(h− cNxN) < ρ(h). By repeating this argument, we can writeh
as

∑
N∈B(At)

cNxN .

We have shown thath can be written as a linear combination of elements in{xN | N ∈
B(At)}.

Corollary 3.5 [Miu94, Lemma 9], [Miu97, Lemma 5.3], [Miu98, p. 1406]R = K[x1, . . . ,xt ].

Definition 3.6 The delta set of I, denoted by ∆(I), is {N ∈ Nt
0 | XN is not the leading

monomial of any nonzero polynomial in I with respect to ≺}.

Lemma 3.7 [Miu97, Section 5.4], [Miu98, p. 1417]∆(I) = B(At).

Proof. We claim that∆(I) ⊆ B(At). Suppose that there isN ∈ ∆(I)\B(At). By Propo-
sition 3.4, we can writexN as

∑
M∈B(At)

ρ(xM)≤ρ(xN)

cMxM.
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Consider the polynomial
XN − ∑

M∈B(At)

ρ(xM)≤ρ(xN)

cMXM.

Then it belongs toI and by the definition ofB(At) its leading monomial isXN , which
is a contradiction.

Since{xN | N ∈ ∆(I)} forms aK-basis forR [AL94, Proposition 2.1.6], we can see
that∆(I) = B(At) by Proposition 3.4.

Lemma 3.8 [Miu94, Lemma 7], [Miu97, Lemma 5.10], [Miu98, p. 1409]V (At) is
finite.

Proof. The assertion is a special case of Dickson’s Lemma [AL94, Exercise 1.4.12].

Definition 3.9 For each N ∈V (At), we can write xN as

∑
M∈B(At)

cMxM,

in a unique way. We define the polynomial FN ∈ K[X1, . . . , Xt ] to be

XN − ∑
M∈B(At)

cMXM.

Theorem 3.10 [Miu94, Lemma 14], [Miu97, Theorem 5.16], [Miu98, pp. 1410–1411]
{FN | N ∈V (At)} is the reduced Gröbner basis for I with respect to ≺.

Proof. FN ∈ I for eachN ∈V (At), and{XN | N ∈V (At)} is the set of minimal elements
in the set of leading monomials ofI. Thus by the definition of Gr¨obner basis,{FN |
N ∈V (At)} is a Gröbner basis. It is clear that{FN | N ∈V (At)} is the reduced Gr¨obner
basis forI.

We shall prove a converse to Theorem 3.10.

Theorem 3.11 [Miu94, Theorem 1], [Miu97, Theorem 5.17], [Miu98, p. 1411], [Pel,
Theorem 5.11]For M = (m1, . . . , mt) ∈ Nt

0, we define Ψ(M) = a1m1 + · · ·+ atmt . For
each N ∈V (At) choose a polynomial GN in K[X1, . . . , Xt ] of the form

XN + cMXM + ∑
L∈B(At), Ψ(L)<Ψ(N)

cLXL,

such that Ψ(N) = Ψ(M), M ∈ B(At), and cM 	= 0. Let J be the ideal generated by
{GN | N ∈ V (At)}. If {GN | N ∈ V (At)} is a Gröbner basis (automatically becoming
the reduced one) with respect to ≺, then K[X1, . . . , Xt ]/J is a weight domain with the
weight function ρ(XL modJ) = Ψ(L) for L ∈ B(At).

Proof. Notice thatV (At)+ Nt
0 = Nt

0 \B(At). Since{GN | N ∈ V (At)} is a Gröbner
basis,∆(J) = Nt

0 \ (V (At) + Nt
0). Thus∆(J) = B(At) and {XL modJ | L ∈ B(At)}

forms aK-basis forK[X1, . . . ,Xt ]/J.
We shall check whetherρ is a weight function. The conditions 1–4 of weight

functions (Definition 2.1) are satisfied by the discussion in the previous paragraph. We
shall check the condition 5. LetE1,E2 be polynomials written as linear combinations
of monomials in{XN | N ∈ B(At)}. In order to calculate the weight ofE1E2 modJ,
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we have to writeE1E2 as a linear combination of monomials in{XN | N ∈ B(At)},
which can be done by Gr¨obner basis division. LetE3 be the remainder on division
of E1E2 by {GN | N ∈ V (At)}. By the form of{GN | N ∈ V (At)}, we can see that
ρ(E1E2 modJ) = ρ(E3 modJ).

Remark 3.12 In this survey a weight function has values in N0. Pellikaan and Geil
[Gei99] extend the notion of weight functions to taking values in a general semigroup
and genelarize Theorem 3.11in [Gei99, Theorem 1.7.1].

Proposition 3.13 [Miu97, Lemma 5.21], [Miu98, p. 1413]We retain notations from
Theorem 3.11. ρ(XL modJ) = Ψ(L) for all L ∈ Nt

0.

Proof. In order to calculateρ(XL modJ), we have to writeXL modJ as a linear com-
bination of{XL′ modJ | L′ ∈ B(At)}, which can be done by dividingXL by {GN | N ∈
V (At)}. Let L′′ be the exponent of the leading monomial of the remainder on division
of XL by {GN | N ∈ V (At)}. Then by definitionρ(XL modJ) = Ψ(L′′). By the form
of {GN | N ∈V (At)}, we can see thatΨ(L) = Ψ(L′′).

Remark 3.14 When we construct a weight domain as in Theorem 3.11, we can easily
find a K-basis for the weight domain with pairwise distinct weights as in the proof
of Theorem 3.11. Such a basis is indispensable with code construction and decoding
algorithms of AG codes. This fact is stated in a different way in [SH95, Proposition
13].

Remark 3.15 Saints and Heegard defined the notion of a projective algebraic curve
in special position [SH95, Definition 11]. The projective closure of the affine algebraic
curve defined in Theorem 3.11is in special position if it is nonsingular and a1 < · · · <
at . Conversely, if a projective algebraic curve χ is in special position with respect to a
point Q, then the affine coordinate ring of the affine algebraic curve χ \{Q} is a weight
domain.

For construction of weight domains and linear codes on them, we have to calculate
B(At) andV (At). It is not obvious how to calculateB(At) andV (At). We shall clarify
it.

Definition 3.16 For i = 0, . . . , a1−1, we define bi = min{x ∈ H | x ≡ i (moda1)},
and Li to be the minimum element N ∈ Nt

0 with respect to ≺ such that Ψ(N) = bi, where
Ψ is as in Theorem 3.11.

Notice that we can easily calculateL0, . . . , La1−1 when we are given a sequencea1,
. . . , at .

Lemma 3.17 Let Li = (�1, . . . , �t). Then �1 = 0.

Proof. Suppose that�1 > 0. Thenbi = �1a1+ �2a2 + · · ·+ �tat > �2a2 + · · ·+ �tat ∈ H,
which contradicts to the definition ofbi.

Proposition 3.18 [Miu94, Lemma 5 and 7], [Miu97, Lemma 5.9 and 5.10], [Miu98,
pp. 1408–1409]Let

ei = (

i−1︷ ︸︸ ︷
0, . . . ,0,1,0, . . . ,0) ∈ Nt

0,

for i = 2, . . . , t. Then

B(At) = {Li +( j,0, . . . ,0) | 0≤ i ≤ a1−1, 0≤ j},
V (At) ⊆ {Li + e j | 0≤ i ≤ a1−1, 2≤ j ≤ t}.
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Proof. The second assertion follows from the first and the definition ofV (At). We shall
prove the first.

Let x ∈ H, i = x moda1, and j = (x−bi)/a1. Thenx = bi + ja1, andΨ(Li +( j,0,
. . . , 0)) = x. Suppose thatΨ(N) = x for someN ∈ Nt

0. It is enough to show that
Li +( j,0, . . . , 0) � N to prove the first assertion by the definition ofB(At).

Let N = (n1, . . . , nt). If n1 < j thenLi +( j,0, . . . , 0) ≺ N by the definition of≺.
If n1 > j thenΨ(0, n2, . . . ,nt) = x−n1a1 < x− ja1 = bi, which is a contradiction. So
hereafter we assume thatj = n1.

Since≺ is a monomial order, it is enough to show thatLi � (0,n2, . . . ,nt). Because
Ψ(0,n2, . . . ,nt) = bi, Li � (0,n2, . . . ,nt) by the definition ofLi.

3.2 Construction of telescopic weight domains

It is difficult to check whether a given set of polynomials in Theorem 3.11 is a Gr¨obner
basis by hand. We shall show that ifH is telescopic then the set of polynomials in
Theorem 3.11 automatically forms a Gr¨obner basis and we can writeB(At) andV (At)
in a more explicit way than Proposition 3.18. We call a weight domain telescopic if the
associated semigroup is telescopic.

Definition 3.19 A sequence a1, . . . , at is said to be telescopicif ai/di belongs to the
semigroup generated by a1/di−1, . . . , ai−1/di−1 for i = 2, . . . , t, where di is the greatest
common divisor of a1, . . . , ai. A subsemigroup of N0 is said to be telescopic if it can be
generated by a telescopic sequence.

Lemma 3.20 Let Li be as in Definition 3.16. If a1, . . . , at is telescopic, then {Li | i = 0,
. . . , a1−1} = {(0,n2, . . . , nt) | 0≤ ni < di−1/di for i = 2, . . . , t}.

Proof. Suppose thatLi = (0, �2, . . . , �t), and� j ≥ d j−1/d j for some j ≥ 2. By the
definition of telescopic sequences,(d j−1/d j)a j belongs to the semigroup generated
by a1, . . . , a j−1. Let α1a1 + · · ·+ α j−1a j−1 = (d j−1/d j)a j, andL′

i = (�1 + α1, . . . ,
� j−1 + α j−1, � j − (d j−1/d j), � j+1, . . . , �t). ThenΨ(Li) = Ψ(L′

i) andL′
i ≺ Li, which

contradicts to the definition ofLi. We have shown that{Li | i = 0, . . . ,a1−1}⊆ {(0,n2,
. . . , nt) | 0≤ ni < di−1/di for i = 2, . . . ,t}.

Is is easy to see that both sets havea1 elements. So the assertion is proved.

Corollary 3.21 [Miu94, Theorem 1 (VI)], [Miu97, Theorem 5.43], [Miu98, p. 1419]
Suppose that the sequence a1, . . . ,at is telescopic. Then

B(At) = {(n1, . . . ,nt) ∈ Nt
0 | 0≤ ni < di−1/di for i = 2, . . . ,t},

V (At) = {(
i−1︷ ︸︸ ︷

0, . . . ,0,di−1/di,0, . . . ,0) | i = 2, . . . ,t}.
Proof. The assertions follow directly from the previous lemma, Proposition 3.18, and
the definition of≺ andV (At).

Remark 3.22 A similar fact to Corollary 3.21 is shown in [KP95, Lemma 6.4]and
[HvLP98, Lemma 5.34].

Theorem 3.23 [Miu94, p. 462, Remark], [Miu97, Corollary 5.36], [Miu98, p. 1418]
Suppose that a1, . . . , at is telescopic. Then the set of polynomials {GN | N ∈ V (At)}
forms a Gröbner basis.
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Proof. The assertion follows directly from Theorem 3 and Proposition 4 in [CLO96,
Section 2.9].

Remark 3.24 A special case of the previous theorem is in [HvLP98, Example 5.36],
[Pel, Proposition 5.12].

Remark 3.25 Further applications of telescopic semigroups in coding theory can be
found in [HvLP98, KP95]. Research articles on telescopic semigroups are listed in
[KP95, Remark 6.7].

Remark 3.26 It is desirable to choose generators a1, . . . , at as few as possible. A
generating set of H is said to be minimal if H is not generated by its proper subset.
We can prove that a minimal generating set is unique, each generating set contains the
minimal one, and if H is telescopic then we can make the minimal generating set a
telescopic sequence. A proof can be found in [Miu97, Miu98].

3.3 Construction of plane weight domains

If the associated semigroup is generated by two numbers, then the weight domain can
be obtained as the affine coordinate ring of a plane affine algebraic curve. We call such
a weight domain plane. In this subsection we write down the defining equation of a
plane weight domain explicitly.

We retain notations from Section 3.1 unless otherwise specified. Leta = a1, b = a2,
X = X1, andY = X2. Since we assume thatN0 \H is finite and not empty,a andb are
relatively prime [HvLP98, Corollary 5.12] and greater than 1. Note that in this case
a,b is a telescopic sequence and a plane weight domain is a special case of a telescopic
weight domain.

As a special case of Corollary 3.21 we have

Corollary 3.27 [Miu97, Section 7.2]

B(At) = {(i, j) ∈ N2
0 | 0≤ i, 0≤ j < a},

V (At) = {(0,a)}.
FN in Theorem 3.10and GN in Theorem 3.11is of form

Y a + cb,0Xb + ∑
ia+b j<ab

ci, jX
iY j, (1)

where cb,0 	= 0 and ci, j ∈ K.

We shall clarify which algebraic curve can have a plane model of the form (1).

Proposition 3.28 [Miu97, Theorem 5.17 (9)], [Miu98, p. 1412]Let χ be a nonrational
nonsingular projective algebraic curve over K. If there is a K-rational point Q ∈ χ ,
then χ can have a plane model of the form (1).

Proof. Let F be the field ofK-rational functions onχ , vQ the discrete valuation atQ,
andx,y ∈ F \K functions such that they are regular atχ \{Q} andvQ(x) andvQ(y) are
relatively prime. From the definition ofx,y, the pole divisor ofx (resp.y) is −vQ(x)Q
(resp.−vQ(y)Q).

[F : K(x)] = −vQ(x) and [F : K(y)] = −vQ(y) [Sti93, Theorem I.4.11], and[F :
K(x,y)] divides both[F : K(x)] and[F : K(y)]. Thus[F : K(x,y)] = 1.
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K[x,y] is a weight domain with the weight function−vQ. ThusK[x,y] is the affine
coordinate ring of an affine algebraic curve defined by a polynomial of the form (1),
where we seta = −vQ(x) andb = −vQ(y).

Remark 3.29 The second author observed that we can easily construct algebraic ge-
ometry codes on affine algebraic curves defined by polynomials of form (1) in [Miu92].

Remark 3.30 An overlapping but different construction of weight domains is in [HvLP98,
Proposition 3.17], [Pel, Proposition 4.6].
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