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Under the assumption that we have defining equations of an affine algebraic curve in
special position with respect to a rational place @), we propose an algorithm computing
a basis of £(D) of a divisor D from an ideal basis of the ideal £L(D + coQ) &f the affine
coordinate ring £(coQ) of the given algebraic curve, where L(D +00Q) := 2, L(D+
iQ). Elements in the basis produced by our algorithm have pairwise distinct discrete
valuations at @, which is convenient in the construction of algebraic geometry codes. Our
method is applicable to a curve embedded in an affine space of arbitrary dimension, and
involves only the Gaussian elimination and the division of polynomials by the Grébner
basis for the ideal defining the curve.
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1. Introduction

For a divisor D on an algebraic curve, there exists the associated linear space L£(D).
Recently we showed how to apply the Feng-Rao bound and decoding algorithm (Feng
and Rao, 1993) for the Q-construction of algebraic geometry codes to the L-construction,
and showed examples in which the £-construction gives better linear codes than the Q-
construction on the same curve in a certain range of parameters (Matsumoto and Miura,
2000). In order to apply the Feng—Rao algorithm to an algebraic geometry code from the
L-construction, it is convenient to have a basis of the differential space Q(—D + mQ)
whose elements have pairwise distinct discrete valuations at the place @, and finding
such a basis of Q(—D + m@Q) reduces to the problem of finding a basis of £(D’) whose
elements have pairwise distinct discrete valuations at ). However, no general algorithm
capable of finding such a basis of £(D’) in all cases of interest in coding theory has been
proposed yet. In this paper we present an algorithm computing such a basis.

An affine algebraic curve with one rational place ) at infinity is easy to handle and used
extensively in the literature (Ganong, 1979; Porter, 1988; Miura, 1992, 1994, 1997, 1998;
Porter et al., 1992; Saints and Heegard, 1995). For a divisor D we define L(D + 00@Q) :=
U2, £(D + iQ). An affine algebraic curve is said to be in special position with respect
to a place Q of degree one if its affine coordinate ring is £(co@) and the pole orders of

*The results in this paper are partly presented without proof in the conference proceedings of 13th
AAECC Symposium on Applied Algebra, Algebraic Algorithms, and Error-Correcting Codes, Hawaii,
USA, November 15-19, 1999 (Matsumoto and Miura, 1999)

$E-mail: ryutaroh@ss.titech.ac.jp, WWW: http://tsk-www.ss.titech.ac.jp/ ryutaroh/

0747-7171/00/030309 + 15 $35.00/0 (© 2000 Academic Press



310 R. Matsumoto and S. Miura

coordinate variables generate the Weierstrass semigroup at @) (Definition 3.1). Under the
assumption that we are given defining equations of an affine algebraic curve in special
position with respect to (), we point out that a divisor can be represented as an ideal of
L(00Q), and we propose an efficient algorithm to compute a basis of L(D).

For effective divisors A and B with supp A Nsupp B = @) and Q ¢ supp A U supp B,
there is a close relation between the linear space £L(A — B+ n(@)) and the fractional ideal
L(A — B+ 00Q) of L(0coQ), namely

LA=B+nQ) ={f € LA= B +00Q) | vo(f) = —n},

where vg denotes the discrete valuation at . When A = 0, by this relation we can
compute a basis of L(—B 4 n@) from a generating set of L(—B + co@)) as an ideal of
L(c0Q) under a mild assumption.

When A > 0, we find an effective divisor E such that —F + n’Q is linearly equivalent
to A — B + nQ, then find a basis of L(—E + n’Q) from a generating set of the ideal
L(—FE + 0oQ), then find a basis of L(A — B 4+ nQ) from that of L(—E + n’Q) using the
linear equivalence. Computing an ideal basis of L(—E 4 coQ) from A — B + n() involves
computation of ideal quotients in the Dedekind domain £(c0@), but by clever use of the
properties of an affine algebraic curve in special position, our method involves only the
Gaussian elimination and a small number of division of polynomials by the Grébner basis
for the ideal defining the curve. Moreover while the other algorithms (Brill and Nother,
1874; Coates, 1970; Davenport, 1981; Le Brigand and Risler, 1988; Huang and lerardi,
1994; Volcheck, 1994, 1995; Haché and Le Brigand, 1995; Berry, 1998) except Grayson and
Stillman (1998) are applicable only to a plane algebraic curve, our method is applicable to
a curve embedded in an affine space of arbitrary dimension. Though the algorithm given
in Grayson and Stillman (1998) can be applied to an arbitrary projective nonsingular
variety whose homogeneous coordinate ring satisfies Serre’s normality criterion Sy (a
definition of Sy can be found in Eisenbud, 1995, Theorem 11.5), their method involves
Buchberger’s algorithm that sometimes takes very long computation time.

In Section 2, we clarify the relation between an ideal of the affine coordinate ring of
an affine algebraic curve with one rational place at infinity and the linear space £(D)
associated with a divisor D on the curve, and show an algorithm that reduces basis
computation of £(D) to computation of ideal quotients in the affine coordinate ring.
In Section 3, we show that an affine algebraic curve with one rational place at infinity
has a Grobner basis with nice structure with respect to a suitable monomial order. In
Section 4, we show efficient algorithms computing ideal quotients and a basis of £(D)
from a generating set of the ideal corresponding to D. In Section 5, we give an example
computing a basis of £L(D) on the affine algebraic curve in the four-dimensional affine
space.

2. Theoretical Basis for Computation

First we fix notations used in this paper. K denotes an arbitrary perfect field. We
consider an algebraic function field F/K of one variable. Pr denotes the set of places
in F/K. For a place P, Op (resp. vp) denotes the discrete valuation ring (resp. dis-
crete valuation) corresponding to P. Other notations follow those in Stichtenoth’s (1993)
textbook unless otherwise specified.

In this section, we introduce theorems which play important roles in ideal computation
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in the affine coordinate ring of an affine algebraic curve and computation of a basis of
L(D). Hereafter we fix a place Q of degree one in F/K.

2.1. RELATION BETWEEN FRACTIONAL IDEALS OF A NONSINGULAR AFFINE
COORDINATE RING AND DIVISORS IN A FUNCTION FIELD

DEFINITION 2.1. For a divisor D in F/K, we define

L(D +0Q) := | J L(D +iQ).

=0

Then L(oo@) is a Dedekind domain, and the set of maximal ideals of L(c0Q) is
{L(=P 4+ Q) | P € Pr\ {Q}}. Thus each nonzero ideal can be written uniquely
as a product of elements in {£L(—P + Q) | P € Pr\ {Q}}.

PROPOSITION 2.2. For a divisor D in F/K with Q ¢ supp(D), L(—D + o0Q) is a
fractional ideal in L(00Q). We have

L(-D+00Q)= [] L(=P+00Q)*"P).

PePprp

PROOF. L(—D+00Q) being a fractional ideal is trivial. £(—D+00Q) 2 [[pep, L(—P+
00Q)v"P) is also obvious.

We shall show that any fractional ideal properly containing [[pep . £(—P+ Q) (P)
is not L(—D + 00@Q), which proves the assertion. If I is a fractional ideal properly con-
taining

I £(=P+o00@) =™,
PcPr
then there exists a place R # @ such that

IDL(-R+00Q)™ " [ £(-P+00Q)r™.
PePr
We set
A—B=D-R

with both A and B effective divisors and supp A Nsupp B = (. For each S € supp 4, we
choose tg by the strong approximation theorem of discrete valuation (Stichtenoth, 1993,
Theorem 1.6.4) such that

vg(ts) =1,

vp(ts) =0, VP € (supp AUsupp B) \ {S},

vp(ts) >0, VP # Q.
Then ts € L(—S + 00@Q). For each S € supp B, we choose tg such that

’Us(ts) = -1,

vp(ts) =0, VP € (supp AUsupp B) \ {5},

vp(ts) >0, VP ¢{Q,S}.
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Then tg € L(—S + 00Q) ™!

I ™ I w®

Sesupp A Sesupp B

€L(-R+00Q)™" J[ L(=P+00Q)"" I\ L(=D + 20Q). O
PePr

COROLLARY 2.3. Let f be a nonzero element in L(00Q), and (f) be the ideal of L{00Q)
generated by f. Then

(f) = L(=(f)o + 00Q) = L(=(f) + 00Q).

PROOF. The second equality is obvious. Let D be a divisor such that £(—D + coQ) =
(f) and vg(D) = 0. Then (f)o > D. Suppose that there exists a place P # @ such
that (f)o — P > D. Then by the strong approximation theorem (Stichtenoth, 1993,
Theorem 1.6.4) we can find an element g € L(—D + 0o@Q) with vp(g) < vp(f), which is
a contradiction. O

When I and J are ideals of a ring R, I : J denotes the ideal quotient {z € R | zJ C I}.

COROLLARY 2.4. For two divisors D, E with support disjoint from Q,
L(=D + 00Q)L(~E + 00Q) = L(~(D + E) + Q),

L(—D +00Q) + L(—E + 00Q) c( > min{vp(D p(E)}P+ooQ>,
P#Q

L(—D + c0Q)NL(—E + Q) = ( Z max{vp(D p(E)}P+ooQ>,
P#Q

L(—D 4+ Q) : L(—E + 00Q) = ( Z max{0,vp(D —UP(E)}P+OOQ>.
PAQ

PRrROOF. The assertion follows from Zariski and Samuel (1975, Theorem 11, Section 5.6).
O

COROLLARY 2.5. Suppose that an ideal I C L(0c0Q) is generated by elements x1, ..., Ty,.
Then I™ is generated by 7, ..., z},.

PROOF. Let (z;) be the ideal generated by z; and (z;) = L(—D; + 00@). Then

:£<— Z min{vp(D;) | i = 1,...,m}P—|—ooQ>.

P#£Q
Thus

E(— Z nmin{vp(D;) |i=1,...,m}P+ ooQ)

P#Q
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£< me{vp nD;) |i=1,. m}P—i—ooQ)
PZQ

—<x;z x"> 0

By the facts described so far, we can show a preliminary version of our method for
obtaining a basis of £(D). Let D be a divisor given by

D:=A—-B+nQ,

where A and B are effective, supp A Nsupp B = 0 and @ ¢ supp A U supp B. Suppose
that generating sets of the ideals L(—A + 00Q) and L(—B + c0Q) are given. If A = 0,
then
L(D) ={z € L(-B+ Q) | vg(z) > —n}.

From this equation if we have a basis of £L(—B 4 00Q) as a K-linear space with pairwise
distinct pole orders at @, then finding a basis of £(D) from that of L(—B + co@) is just
selecting elements in the basis of £(—B + 00@) with pole orders < n. We shall show how
to compute such a basis of £L(—B + coQ) from a generating set of the ideal £(—B + coQ)
in Theorem 4.2.

If A # 0, then choose a nonzero element f € L(—A + 00@). Let (f) be the ideal
generated by f in L£(coQ), and

I={f)L(—B+ 0Q)): L(—A+ c0Q).
Then
I=L(—(f)+00Q)L(—B + 0Q) : L(—A + o0Q)
=L(A— B —(f) 4+ Q).

Since L(A — B — (f) + 00Q) is an ordinary ideal of £(0c0Q)), we can compute a basis
{by,..., b} of LIA—B+nQ—(f)). Then b,/ f,...,b;/f isabasisof L(D) = L(A—B+nQ).
Next we need to compute an ideal quotient in our method. We shall show in Section 4
how to compute an ideal quotient by using only linear algebra.

2.2. MODULES OVER L(00Q)

In this subsection we shall study how we can represent an £(co@®)-submodule of F.
PROPOSITION 2.6. (HZHOLDT ET AL., 1998, PROOF OF PROPOSITION 3.12) Fora K-
subspace W of L(00Q), suppose that there is a subset {c}jco, w0y C W such that
v(aj) = j. Then {a}jev,w\{o}) is a K-basis of W.

Let a € —vg(L(c0Q) \ K). Fix an element = € F such that (z)s = aQ.
PROPOSITION 2.7. For an ideal M of L(c0@Q), we set b; := min{j € —vg(M \ {0}) |

jmoda =1t} fori=0,...,a—1. Choose elements y; € M such that vg(y;) = —b;. Then
{Y0, Y1, -, Ya—1} generates M as a K[z]-module.
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PrROOF. It is obvious that

a—1

Z Klz]y; € M.

i=0
The set {27y; | 0 <i < a—1,0 < j} generates M as a K-vector space by Proposition 2.6,
because

—vg(M\{0}) ={ja+b;|0<i<a-1,0<}
=—vg({2ly; |0<i<a—-1,0<j}). O

PROPOSITION 2.8. Notations as in Proposition 2.7. If a K-subspace W generates M
as a K[z]-module; that is, M = K[z]W, then we can find the elements y; in W for
1 =0,...,a—1.

PROOF. We can write y; as
Yi = Zajﬂﬁn'fwj,
J

where a; € K, n; > 0 and w; € W. Consider terms a;z™w; such that vg(az™w;) =
vg(yi). Suppose there is no [ such that n; = 0. Then we have

v(1i) = v(®) + v (Z s ).

which contradicts the maximality of vg(y;). Thus there is an ! such that n; = 0 and we
can take a;w; as y;. O

3. Grobner Bases for an Affine Algebraic Curve with a Unique Rational
Place at Infinity

An affine algebraic curve with a unique rational place at infinity is convenient and has
been treated by several authors (Ganong, 1979; Porter, 1988; Miura, 1992, 1994, 1997,
1998; Porter et al., 1992; Saints and Heegard, 1995). In this section we review and extend
the results in Miura (1997, 1998) and Saints and Heegard (1995).

DEFINITION 3.1. (SAINTS AND HEEGARD, 1995, DEFINITION 11) Let I C K[Xy,...,
X:] be an ideal defining an affine algebraic curve, R := K[Xy,...,X:]/I, F be the
quotient field of R, and @ be a place of degree one in F//K. Then the affine algebraic
curve defined by [ is said to be in special position with respect to @ if the following
conditions are met:

(1) The pole divisor of X; mod I is a multiple of @ for each i.

(2) The pole orders of X; mod I, Xo mod I,..., X; mod I at @ generate the Weier-
strass semigroup {i | L(iQ) # L((i — 1)Q)} at Q. In other words, for any j € {i |
L(iQ) # L((i —1)Q)} there exists nonnegative integers Iy, ..., [I; such that

t

j=>_ —lvg(X;modI).
i=1
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The Weierstrass form of elliptic curves can be considered as a special case of curves in
special position.

PROPOSITION 3.2. Notations as in Definition 3.1. Then, R = L(coQ) and the affine
algebraic curve defined by I is nonsingular.

PROOF. It is clear that R C L(coQ). Choose nonzero f € L(0oQ). Let g,,(s) be an
element in R such that vq(gu,(r)) = vQ(f), and ¢y, () be the element in K such that
VQ(f = Cog(£)Gvo(r)) > vQ(f)- For vg(f) < i <0 we define g; and ¢; as follows: let g; = 0
if vo(f — (cog(f)Gvo(s) + -+ + cim1gi—1)) > i and let g; be an element in R such that
vQ(g:) = i otherwise. Let ¢; be an element in K such that vq(f — (Cuy(f)Gug(r) + -+
cigi)) > 4. Then the valuation of f — (cu,(f)Guo(r) ++ + cog0) at @ is greater than 0.
Thus f — (Cog(f)Gvo(f) +++ + cogo) = 0 and f = oy (5)9uo(s) ++ + cogo € R, which
proves R = £L(00Q).

Note next that £(co@Q) is the intersection of the discrete valuation rings in F except
that of Q. Thus L(coQ) is a holomorphy ring and integrally closed in F' (Stichtenoth,
1993, Corollary I11.2.8). An affine coordinate ring of an affine algebraic curve is integrally
closed in its quotient field if and only if the affine algebraic curve is nonsingular. O

If an algebraic curve is not in special position, then the proposed method cannot
be applied to it. We can put an arbitrary algebraic curve into special position using
Grobner bases if we know elements in the function field which have their unique pole
at some place @ of degree one and their pole orders generate the Weierstrass semigroup
—vg(L(00Q)\ {0}) (Saints and Heegard, 1995, p. 1739). However we have to remark that
finding such elements is difficult in general. For example, for the towers of function fields
found by Garcia and Stichtenoth (1995, 1996), such elements have been found only in a
few cases (Haché, 1996; Pellikaan, 1997; Voss and Hgholdt, 1997).

In another direction, it is convenient to have a class of algebraic curves known to be
in special position. Miura (1997, 1998) found a necessary and sufficient condition for a
nonsingular nonrational affine plane curve to be in special position. An affine algebraic
set defined by F(X,Y) = 0 is a nonsingular nonrational affine algebraic curve in special
position with respect to @ if and only if it is nonsingular and

FX,Y)=moX" +a0aY"+ Y a;; X'V,
ai+bj<ab

where o; ; € K, both a4 ¢ and a,,9 are nonzero and a and b are relatively prime positive
integers.” In this case vo(X mod F(X,Y)) = —a and vg(Y mod F(X,Y)) = —b. Then
he generalized the necessary and sufficient condition for plane curves to be in special
position to curves in affine space of arbitrary dimension (Miura, 1997, 1998). Hgholdt et
al. (1998, Example 3.22) also characterized a class algebraic curves in special position
with a telescopic Weierstrass semigroup.

Hereafter we use the theory of Grobner bases. Basic facts in the theory are explained
in Cox et al. (1996). We introduce the Garcia—Stichtenoth curve used as an example in
this paper.

T Although all published proofs of this fact are in Japanese, an English version can be found in Mat-
sumoto (1998).
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EXAMPLE 3.3. Garcia and Stichtenoth (1995) discovered the tower of algebraic function
fields over a finite field that has many rational places, and attains Drinfeld—Vladut bound.
The third member F3 in the tower over the finite field F4 with four elements is defined
by

F3 =Fu(y1,22,23),25 + 22+ = 0,25 + 23+ (22/51)° = 0.

Replacing zo with y1y2 and z3 with ysy3, we obtain an affine model of F3 as

Fy =Fa(y1,92,93), 1y + Y2 + yi = 0,92y3 + y3 + 5 = 0.

Let us put the affine algebraic curve defined by the equations y195 + y2 + 37 = 0,
YoY% + y3 + y3 = 0 into special position. The number of poles of y; in F3 is known to
be 1 (Garcia and Stichtenoth, 1995). Let @ be the pole of y;. Voss and Hgholdt (1997)
found that

L(0Q) = Falyr, y1y2, W12 + 1)y2ys, yiy2ys),
and the pole divisors of the generators are

(Y1)oo = 4Q, (Y192) 00 = 6Q, (1192 + 1)y2y3) 00 = 9Q, (¥7y2Y3)s0 = 11Q.

From this information, we can compute a defining equations of £(co@®) by Eisenbud (1995,
Proposition 15.30). Consider the ideal J of Fy[Y7, Y3, Y3, X1, Xo, X3, X4] generated by

1/1)/22 + }/2 + Y127 }/2}/32 + Y3 + Y227X1 - Yl) X2 - Y11/27
X3 — (Y1Y2 +1)YaY3, Xy — VY5V,
where X1,...,Xy4, Y1,...,Y3 are variables over Fy. Let I := J N F4[X1, Xo, X3, X4].
Then £(c0Q) is isomorphic to Fy[X1, X3, X3, X4]/I. The reduced Grobner basis for I
with respect to the lexicographic monomial order Xy > X3 > X5 > X is
X3+ Xo+ X3, X3 Xo + X5+ Xo X3 + X2, Xo X5+ X1 Xy,
X2X3+ X4+ Xo Xy, X7+ X7X5 + X7 X3+ X3X4,
Xil + X1 Xs + X%XQ + X1 X X5+ XZ
Since the Weierstrass semigroup —vg(£(00Q) \ {0}) is generated by 4,6,9, 11 (Voss and

Hgholdt, 1997), the affine algebraic curve defined by the ideal I is in special position
with respect to Q.

Hereafter, I C K[Xy,...,X;] denotes an ideal defining an algebraic curve in special
position with respect to a place @ of degree one of the function field F' of the curve,
unless otherwise stated. We fix a monomial order < on K[Xj,...,X;] induced by the
discrete valuation at (). Ny denotes the set of nonnegative integers.

DEFINITION 3.4. We define X" X" .- X;™ < X" X722 X if
—vg (X7 - X" mod I) < —vg (X" --- X{" mod I),
or
—v(X{ - X" mod I) = —vg(X{* -+ X{"* mod I)
and (mq,...,m¢) <t (n1,...,n;) with some total order <7 on N, which satisfies fol-

lowing conditions:

(1) (my,...,my) < (n1,...,n;) whenever m; > ny.
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(@) T (1, me) <o (mas o), then (ma. . .me) + (1) <o (mas . omg) +
(I, ..., l) for all (Iy,...,1;) € N§.

DEFINITION 3.5. LM denotes the leading monomial of a polynomial with respect to a
monomial order. Let J C K[Xq,...,X;] be a nonzero ideal. The delta set A(J) of J with
respect to the monomial order is

A(T) == {(n1,...,ns) € NE | X™ .. X™ ¢ LM(J)}.

For the delta set of an ideal J, the following is known, where X denotes Xyt X
for N = (ny,...,n).

PROPOSITION 3.6. (COX ET AL., 1999, p. 229) {X" mod J | N € A(J)} forms a K-
basis of K[X1,...,X¢]/J as a K-vector space.

The delta set of the defining ideal I of an algebraic curve in special position with respect
to a place @ has nice properties. For simplicity we hereafter assume that vg(X; mod I) #
0 for each 1.

DEFINITION 3.7.
B(=<) :={N € N}, | vo(X* mod I) = vo(X" mod I) implies X~ < X*}.
For each 0 <i < —vg (X7 mod I) — 1,
b; :==min{j € —vg(L(co@) \ {0}) | j mod —vg (X1 mod I) = i}.
T(=) = {N € B(<) | i, —vo(X"N mod I) = b;}.
Note that if N,L € B(<) and N # L, then vo(X"™ mod I) # vg(XL mod I). This
implies #7T'(<) = —vg (X1 mod I).

The next proposition is a generalization of Miura (1997, Lemma 5.9 (2) and
Lemma 5.13 (1)).

PROPOSITION 3.8.

S
2
I

{L+ (n,0,...,0) | Le T(<),n € No}.

PROOF. We first show that B(<) C A(I). Assume that there exists some N € B(<) not
belonging to A(I). Then by Proposition 3.6

XN mod I = Z ar X mod I.
LeA(I)

By the triangle inequality of discrete valuation (Stichtenoth, 1993, Lemma 1.1.10), there
exists a term a;, X in the right-hand side of the above equation such that vg(ar, X% mod
I) < vo(XYN mod I). Thus the polynomial

XN Z ar Xt
LeA(I)
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belongs to I but the exponent of its leading monomial belongs to A(I), which is a
contradiction.
Conversely, since

{vQ(X" mod I) | N € B(<)} = vg(£(c0Q) \ {0}),

by Proposition 2.6 there is no element in A(I) \ B(<).
To prove the second equality, let ¢ = j mod —vg(X; mod I) and T; € T(<) with
—vo(XTi) = b;, for each j € —vg(L(c0Q) \ {0}). Then

J—bi
T; —_—7,0,...,0
it (—vQ(X1 mod I)" 77 )

belongs to B(<) since the first component is maximum among L € N with —vg(XT) =
4, 80 it is minimum with respect to < among exponents L such that —vg (XL mod I) = j.
On the other hand, for given j € —vg(L(c0@) \ {0}) there exists exactly one N € B(=<)
such that —vg (XY mod I) =j. O

EXAMPLE 3.9. We compute B(<) and T'(<) for the curve in Example 3.3. Let <; be the
monomial order on F4[X1, Xo, X3, X4] such that X X232 XN x N+ ) X[ X L2 X L3 X [+
if 4N1 + 6N2 + 9N3 + 11N4 > 4L1 + 6L2 + 9L3 + 11L4, or 4N1 + 6N2 + 9N3 + 11N4 ==
401 +6Lo+9L3+ 111, and N; < Li7 N;_1 = Li—17 - ,Nl = L for some positive integer
i.

Elements in B(<1) are tabulated below. The upper entry in each box represents an
element N in B(<), and the lower entry the corresponding discrete valuation —vg (X~
modlT).

(0,0,0,0) | (0,0,1,0) | (0,1,0,0) | (0,0,0,1)
0 9 6 11
(1707070) (1’07 170) (1’ 15070) (150707 1)
4 13 10 15
(2,0,0,0) | (2,0,1,0) | (2,1,0,0) | (2,0,0,1)
8 17 14 19

T(<1) consists of the elements in the top row. To see B(=<1) = A(I), we compute a
Grobner basis for I with respect to <;. The reduced Grobner basis is

X34+ Xo + X2 X0 X3+ X1 Xy, X2X3 + Xy + X0 Xy,
X3Xo + Xg+ X5 4+ X1 Xu, X7 + XPXo + X7 X5 + X3X4,
X+ X1 Xo + X1 Xo + X7 X4 + X7

Let NF(I) be the set of polynomials F' € K[Xj,...,X;] such that the remainder on
division of F' by a Grobner basis for I is F itself. An element f € £L(0oQ) is represented
in a computer by a polynomial F' € NF(I) such that F mod I = f. By Propositions 3.6
and 3.8, {XV¥ | N € B(<)} is a K-basis of NF(I). If X]"'XJ?... X/ is the leading
monomial of F' € NF(I), then

vo(F mod I) = —aing — -+ — ayny,
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because the lower terms of F' with respect to the monomial order < have higher dis-
crete valuations at @ by definition of B(=<). This easy computation method for discrete
valuation is essential in Theorem 4.2.

4. Fast Computation of Ideal Quotients

In this section we show how we can efficiently compute various ideal operations in
L(00Q). We retain notations from the previous section and define a := —vg(X; mod I).
To make computation most efficient, we have to make a(# 0) as small as possible.

4.1. REPRESENTATION OF IDEALS

DEFINITION 4.1. For a nonzero ideal J C L(00Q), we call Gy,...,Gq—1 € NF(I) a
minimum pole order basis for J if:

1) Gomod I,...,G,_1 mod I belong to J.
2) —vg(G; mod I) = min{j € —vg(J \ {0}) | j mod a = i}.

Note that G; mod I # 0 for i =0,...,a — 1 by definition.
This representation is convenient in computing a basis of L(D).

THEOREM 4.2. Suppose that B is an effective divisor with vg(B) =0 and Gy,. .., Ga—1
is a minimum pole order basis for L(—B + 00Q). Then a basis of L(—B + nQ) is

{X{G; mod I | vg(X{G; mod I) > —n}.

PRrROOF. The assertion immediately follows from Proposition 2.6. O

We next describe how to compute Gy,. .., Go—1 from given F,..., Fs € K[X1,..., X}]
where F} mod I,..., Fs, mod I generate J. For simplicity we assume that none of F; mod
I is zero.

Let Ty, ..., Tu—1 € T (<) satisfy

—vo(XT" mod I) = min{j € —vg(L(c0Q) \ {0}) | j mod a = i}.
Then {XTiFj mod7|0<i<a-1,1<j<s} generates J as a K[X; mod I]-module
since {XT mod I} generates £(coQ) as a K[X; mod I]-module by Proposition 3.8. Let
{H;} be the set of remainders on division of X, F; by a Grébner basis for I for 0 < ¢ <
a—1and 1 < j < s. Then the K-vector space generated by H,..., Hy, generates J
as a K[X; mod I]-module, and by Proposition 2.8 we can find Gy,..., G,—1 from the

K-vector space generated by Hy,..., Hgq. Go,..., G4—1 can be obtained by Gaussian
elimination as follows. Let {B1, Ba, ...} = A(I) be ordered so that

v (X P mod I) > vg (X P+ mod 1), (4.1)
and define the integer u by the equation
—vg(XP* mod I') = max{—vg(H; mod I) | i =1,...,sa}.
Write each polynomial H; as
Hi =ma X0 +mpX Pt oo pom, X P
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fori =1,...,sa. Note that XB1 = 1. Consider the matrix (m;j). By elementary row oper-
ations, we can transform the matrix (m;;) into a form such that for any two nonzero rows
the columns of their left-most nonzero elements are different. Let (n;;) be a transformed
matrix of (m;;), and

o
Ei = E TlinB“'H_j.
Jj=1

Since the leading monomials of Ej and E; are different if k& # [, vo(Er mod I) #
vQ (El mod I).

Then {vg(E; mod I) | 1 < i < sa} equals the set of values of vg on the vector space
spanned by Hy mod I, ..., Hs, mod I. Thus we can choose Gy, ...,Gq—1 as G; = Ex ¢ I
where

—vg(Er mod I) = min{j € {—vg(E1 mod I),...,vg(Es, mod I)} | j mod a = i}.
Since (m;;) is a p x sa matrix, the number of arithmetic operations in K required to
compute n;; from my; is O(max{yu, sa}?), and
p<max{—vg(H; mod I) |i=1,...,sa}
=max{—vg(F;modI)|i=1,...,s}
+ max{—vg(X" mod I) | i =1,...,a}.
These Gy,. .., G4_1 have the following nice property, which is convenient in computing
an ideal quotient.

PROPOSITION 4.3. Let G be a Grébner basis for I. Then {Gy,...,Gqa-1}UG is a Grébner
basis for I + (G, ...,Ge—1) where (-) denotes the ideal generated by -.

PROOF. To prove the assertion, we shall show that a monomial X™ € LM(I + (Gy,. ..,
Ga—1)) is in the ideal generated by the leading monomials of elements in {Gy,...,

Ga—l} Ug'
Since I C I+ (Go,...,Ga-1),

A(I + <G03 teey Ga71>) C A(I)
If XM ¢ LM(I) then XM € (LT(G)). If M € A(I) and X™ € LM(I + (Go,. .., Ga-1)),
then
X]\/f _ XT,X{
where i = —vg(XM mod I) mod a, T; € T(<) such that —vg (X" mod I) mod a = i,
and j = (—vo (XM mod I) 4+ vo(X T mod I))/a, by Proposition 3.8. On the other hand,

LM(G;) = X7 XT,
where k = (—vg(G; mod I) + vo(X T mod I))/a. Thus
XM =—1M(GHXxIF. D

If one want to reduce the effort required to implement our algorithm at the cost of
efficiency, there is an alternative approach to compute a minimum pole order basis for J.

PROPOSITION 4.4. Let G be a Grobner basis for I 4+ (Fy,...,Fs). Then we can find all
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the elements in a minimum pole order basis for J among {the remainders on division of
XTH | T eT(=), HE<G}.

PROOF. By the definition of Grobner bases and the monomial order <, we have
vo(J) = {vg(H mod I) | H € (G)}
={vg(XNH mod I) | H € G,N € Ni}
={vg(XNH mod I) | H € G,N € A(I)}
={vg(XiXTHmod I) | He€ G, T € T(<),0 < i}
={—ia+vg(XTHmod I) | He G, T € T(<)}.

Since {XTHmod I | H € G, T € T(=<)} generates J and their remainders belong to
NF(I), the assertion follows. O

4.2. IDEAL QUOTIENT

Suppose that a minimum pole order basis for an ideal J; C L(c0Q) is {Go,...,Ga-1},
and an ideal Jo C L(coQ) is generated by {H; mod I,..., H, mod I}, where H; €
K[Xy,...,X:] for each i. We would like to compute a minimum pole order basis for

Ji i Ja = {Z S ,C(OOQ) | zJy C Jl}

Obviously J; C Jy : Jo. Let Fy, ..., F,_1 be a minimum pole order basis for Ji : Js.
Each F; is determined by the following algorithm. The set B(<) is assumed to be indexed
as in equation (4.1).

ALGORITHM 4.5. In this algorithm, variables are integers «, "y, a polynomial element-
in-quotient € K[Xj,...,X¢], and a polynomial candidate €
KB, Ba=1)[X1,...,X], where §; is an indeterminate over K for each j.

(1) Let element-in-quotient = ;. Find an integer a such that B, € B(<) and
X1 XBa = LM(G;). If there is no such a, then set F; = G; and terminate the

algorithm.
(2) Let candidate = XBa+3, 1 XBa-14...4 3. Let E; be the remainder on division

of Hj x candidate by I+ (Gy,...,Gq—1). We view E; as a polynomial in variables
X1,..., X over the coefficient field K(f1,...,B4—1). Since the Grobner basis for
I+(Gy,...,Gq_1) is contained in K[X1, ..., X;], each coefficient of E; is a K-linear
combination of 1, 31,..., Ba_1.

Let (01,...,04-1) € K* 1. The element in £(0oQ) represented by candidate with
(B1, ..., Ba—1) replaced by (d1,...,04—1) belongs to Jy : Jo if and only if E; with
(81, .-+, Ba—1) replaced by (01, ...,04—1) is zero for j = 1,...,b. Thus we consider
the linear system of equations in variable f1,...,8,_1 such that all coefficient of
E; are zero for j = 1,...,b. If the linear system of equations has no solution, then
element-in-quotient has minimum pole order ¢ at () among elements in J; : Jo
such that the remainder of ¢ by a is ¢. Thus F; = element-in-quotient, and the
algorithm terminates.

Else update element-in-quotient by candidate with 31, ..., 3,_1 substituted by
a solution of the linear system. Find the integer v as

B, = B, —(1,0,...,0),
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update o = v and repeat this process. If there is no such ~, then F; = element-in-
quotient and the algorithm terminates.

The number of iteration in the algorithm above to compute each F; is at most

a +#LM(<F0, ey Fa,1> + I) \ ]-_41\/.[(<C1'07 ceey Ga,1> + I)
= a+#A(<GO7...,Ga_1> +I)\A(<F0,...,Fa_1> +I)
=a+ d1m(.]1 : JQ)/Jl,
where (J; : Jo)/Jq is the factor space of J; : Jo modulo Jy. If J; = L(—A + c0Q) and
Ja = L(—B + 00Q) with divisors A > B > 0, then
dim(Jy : Jo)/J1 = L(B — A+ 0Q)/L(—A 4+ Q) (by Corollary 2.4)
=dim L(c0Q)/L(—A + 00Q) — dim L(00Q)/L(B — A + >0Q)
= deg A — (deg A — deg B) (by (Eisenbud, 1995, Exercise 11.13))
=deg B.

REMARK 4.6. When one does not need efficiency, an ideal quotient can be computed in
the standard way described in Cox et al. (1996).

5. An Example

Since the curve in Example 3.3 is nonsingular, there is 1-1 correspondence between F4-
rational points and rational places in the function field. Let P;, P, be places corresponding
to rational points (0,1,0,0), (0,0, 1,0), respectively. In this section we demonstrate how
we can compute a basis of L(9P; — 3P2).

We set x; := X; mod I for i = 1,...,4. Since L(—P; + 00Q) = (x1,22 — 1,23, 24) and
L(—Py + 00Q) = (x1,x2,x3 — 1, 24), by Corollary 2.5

L(—9P, + 00Q) = (z}, (v2 — 1)%, 23, 23),

5(73}32 + OOQ) = <IE§7I’§, (I3 - 1)37l’i>

A minimum pole order basis for (x9)L(—3P, + 00Q) is
X%, X0 (1+ X3), X1+ X7 Xa, X7 Xo.
A minimum pole order basis for the ideal quotient (x)L(—3P,+00Q) : L(—9P; +00Q) =
LOP — 3P, — (29) + o0Q) is
X9Xo + X0X5 + X{ Xy, X7+ X0Xo, X+ X7 X0 + X$Xo, XX + X7 X,
The discrete valuations at @@ of above elements modulo I are —33, —36, —38, —39. Thus
a basis of L(9P; — 3P, — (27)) is
J)?.’L‘g + x?mg + x%x4, x? + $?$2,

and that of L(9P, — 3P,) is

x?xz + x?xg + x‘llx4 x? + x?xg

9 ) 9
Ty Ty
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