IEICE TRANS. FUNDAMENTALS, VOL.E84-A, NO.10 OCTOBER 2001

2514

| LETTER Special Section on Information Theory and Its Applications

Fast Encoding of Algebraic Geometry Codes*

Ryutaroh MATSUMOTO®, Regular Member, Masakuni OISHI', Nonmember,

SUMMARY  We propose an encoding method for one-point
algebraic geometry codes that usually requires less computation
than the ordinary systematic encoder.
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1. Introduction

For practical use, efficient encoding methods of linear
codes are important. But few studies [3], [9] have been
done for algebraic geometry codes. Yaghoobian and
Blake [9] observed that a codeword in a Hermitian code
can be written as a linear combination of vectors rep-
resented as a repetition of a codeword in an extended
Reed-Solomon code, and proposed an efficient encoding
method for Hermitian codes using this fact.

The encoding method of Heegard et al. [3] is ap-
plicable to arbitrary linear codes with known automor-
phism groups. In their method the size of the circuit
is smaller than that of a systematic encoder while the
number of multiplications is almost the same as that
for a systematic encoder.

In this paper, we modify and generalize the method
of Yaghoobian and Blake to arbitrary one-point AG
codes Cq(D,m@Q). The proposed method utilizes the
fact that the basis of Q(—Q — D) can be taken as a
subset of {xiwj |0 <j<a-—1,0<i}, where a is the
smallest nonzero nongap at @, x a function whose pole
divisor is a@, and wy, ..., w1 are differentials satisfy-
ing certain conditions. We give an algebraic geometry
code with which the proposed method can encode 3
times faster than the systematic encoder in the middle
information rate.

2. Fast Encoding of One-Point AG Codes

We fix notations used in this paper. K denotes a finite
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field and F/K an algebraic function field with the full
constant field K. We assume that F' is not a rational
function field because in this case the proposed encod-
ing method becomes the systematic encoding. For a
divisor G of F/K, Q(G) denotes the linear space con-
sisting of differentials whose divisors > G and £(G) the
linear space consisting of elements in F' whose divisors
> —G. For a differential w and for a place P of degree
one, respw denotes the residue of w at P. For f € F
and a place P, f(P) denotes the value of f at P and
(f), (f)o and (f)co denote the divisor, the zero divisor
and the pole divisor of f, respectively. For an element
in F, or a differential, vp denotes the valuation at a
place P.

Let Q, Py, ..., P, be pairwise distinct places of
degree one and D = Py +- - -+ P,,. For a positive integer
m, a one-point algebraic geometry code Cq(D, mQ) is
defined by

{(resp,w,...,resp, w) | w € Q(mQ — D)}.

We shall first clarify the structure of the generator
matrix of an AG code of dimension k. To this end, we
want to determine which differentials in 2(m@Q— D) can
be used for the proposed encoding method. Let a be the
smallest nonzero element in {i | £(iQ) # L((i — 1)Q)}
and z an element such that (z)o = a@Q. We define
Q(—0Q — D) =2, Q=D —iQ). For j=0,1, ...,
a— 1, we define w; to be a differential in Q(—oc0@ — D)
having the maximum valuation at @) among differentials
w € Q(—o00oQ — D) such that vg(w) — j is divisible by
a.

Lemma 1: Let 71,72 be nonzero differentials such
that vg(m) = vo(n2). Then there exists ¢ € K \ {0}
such that vg(m — en2) > vo(m).

Proof: Since the differentials form the one-dimensional
vector space over F' [6, Proposition 1.5.9], there exists
f € F such that fno = mi. Then vg(m — f(Q)n2) >
vQ(Mm)- =

Proposition 2: The set
{g'w; |0<i, 0<j<a—1, vg(z'w;) >m} (1)
is a K-basis of Q(mQ@Q — D).

Proof: Since the elements in the set (1) have pairwise
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distinct valuations at @, they are linearly independent
over K and belong to Q(m@ — D).

Choose a nonzero differential w € Q(m@Q — D). Let
1 be the maximum valuation of the nonzero differentials
in Q(m@ — D). For { = vg(w),vg(w) +1, ..., p, we
define ¢, € K as follows.

For an integer ¢, we define j(¢) to be the remainder
of the division of £ by a and i(¢) = (¢ — j(£))/a. Then
2" w;(y) has valuation ¢ at Q.

We set ¢, () such that

V(W = Cug ()" wjug ) > v (w).
For vg(w) < £ < p, we set ¢ such that

4
v (w= D eon e

'=vq(w)
£—1

>vg(w= Y, edwj
=vq(w)

Then the valuation of

"
w — Z ngi(z)wj-(g)
(=g (w)

at @ is greater than any nonzero element in Q(m@—D),
SO W — ZZ‘:UQ @) cea?i(g)wj(g) must be zero. a

We define B as {z'w; | 0 <4, 0 < j < a— 1,
(resp,z'wj, ..., resp, x'w;) ¢ Ca(D, (vo(z'w;)+1)Q)},
and for 1 < k <n—1, B(k) as the subset of B consisting
of the k differentials having lager valuations at @) than
the differentials in B\ B(k). For 1 < k < n —1, we
define S = {j | z'w; € B(k)} andfor0 < ¢ <a—1,T;, =
{i | x'w, € B(k)}. Suppose that dim Cq(D, mQ) = k.
Then the generator matrix G for Cq(D,m@) can be
written as

resp, wWo resp,wo resp, wWo
x(Pr)respwy x(Py)respy,wy -+ x(Pp)resp,wo
2(Py)%resp,wy 2(Py)?resp,wpy - -+ x(Py,)%resp, wo

resp, wi resp,w; resp wi ’
x(Py)respwr  x(Py)resp,wy -+ x(Pp)resp,wy
x(Py)%resp,wr z(Py)?resp,wy -+ z(Py,)%resp, w1

where each row in G corresponds to a differential in
B(k). We used the fact that resp, z'w; = z(P;)'resp,w;
[6, Proof of Theorem I1.2.8 and Theorem IV.3.2]. Let
i = (i1, ..., ix) € K* be an information. Then the
codeword is iG. But we can compute the codeword iG
in a different way.

For £ € S, let T; = {tg1,t0,2, - -, te g, } such that
te1 < tgo < -+ < tyyr,, where § denotes the number
of elements in a set. Let Gy be the #7; x n matrix
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(z'2i(P;j))1<i<¢,1<j<n- Define a diagonal matrix M,
by

resp, we

resp,wy
M, =

resp, wy

Then the codeword can be also obtained as (i,
-y gy ) GoMo + (igmy+1, - Ggrorer ) GIMy + - +
(U= Tman s+15 - - -+ ) Gmax SMmax 5, where max .S de-
notes the maximum integer in S. Since many
columns in the matrix Gy are the same, we can
compute many columns in (igmy4.tgm, 41, -,
47, +---+41,)Ge by copying the values from other column
in (dgryttTo_ 141> -y YTo+-+t7,)Ge. But we can
further reduce the encoding complexity by performing
elementary row operations on Gy.

Let 6 = #{«x(P;) | i =1, ..., n}. By an appro-
priate permutation of indices of Py, ..., P,, we may
assume that z(P;), x(P2), ..., (Ps) are pairwise dis-
tinct. Then there exists a §7 x #Ty nonsingular matrix
Ny such that

1 0]
G, = oo | = NGy
0] 1
Consider the linear map from K* to K™ defined by
(’i1, A ,iﬁTO)GgMO
< iﬁTo+ﬁT1)G/1M1 + e
: 7ik)G;nax SMmaxS~ (2)

The linear code defined by the linear map (2) is the
same as Cq(D, @), because the linear map (2) is ob-
tained by multiplying the information word by the ma-
trix NG from right, where

No

+ (i1 +15 - -
+ (ik_ﬁ,rmaxS“Fl’ .

Ny

NmaxS

and is nonsingular.

We analyze the number of multiplications in
K required to compute (2). The computation of
(U 4Ty 1415 - W4T+ +4T, )Gy Tequires at most
870 (6 — #T%) (not §Tyn) multiplications and n — d copies
of one component in the codeword to other columns.
Computing (i47y 4447y 1415 * > T 4--+47, ) Ge My Te-
quires at most n multiplications. Thus the total num-
ber of multiplications is at most

niS + > HTy(6 — 4Ty) = ndS + kd — > _(1T0)°.(3)
lesS Les

On the other hand, the number of multiplications re-
quired in the systematic encoding of Cq(D, m@Q) is at
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Fig.1 Number of multiplications in encoding the
Garcia-Stichtenoth codes.

most k(n — k).

Since the amount of storage used by an encoder
depends on its implementation (e.g. parallelized imple-
mentation versus serialized one), we do not analyze in
detail the amount of storage used by the proposed en-
coder and the systematic one. However, the proposed
encoder does not use large amount of precomputed data
and it does not require much more memory than the
systematic one.

We give an example demonstrating how much en-
coding is speeded up.

Example 3: Let E = Fi5(y1, y2, y3) with

Ys +y2+ 15 =0, y5 +ys + (y2/y1)° =0,

which is a function field discovered by Garcia and
Stichtenoth [2]. The number of poles of y; is 1 [2], and is
denoted by Q. Umehara and Uyematsu [7] showed how
to construct one-point algebraic geometry codes on this
function field, based on the results by Voss and Hgholdt
[8]. Let Py, ..., Pyr be an enumeration of all places
of degree one except Q in ' and D = P; + -+ - + Poy7.
k(n — k) and Eq.(3) are compared in Fig. 1.

Remark 4: We could not prove rigorously that the
number of multiplications in the proposed encoder is
always less than the systematic one in a wide range of
code dimension. However, in all the examples verified
by us, the proposed encoder requires less multiplica-
tions in most information rate. In particular, for the
Hermitian codes the ratio of their numbers of multipli-
cations in the middle information rate increases as the
code length increases.

Remark 5: An algebraic geometry code Cz (D, mQ),
which is the dual of Cqo(D,mQ), is defined by

{(f(Pr); s f(Pa)) | f € £(mQ)}.

One can also efficiently encode Cz (D, m@Q) in a similar
way to Cq(D, mQ) as shown below. Let a be as above
and b; = min{i | £(iQ) # L((1 — 1)Q) and i = j

(mod @)} for j =0, ..., a — 1. Choose elements f; €
F such that (fj)ec = b;Q. We define B as {z'f; |
0 < ia 0 < jg a — 17 (xzfj(Pl)a ERE) xlfj(Pn)) ¢
Cr(D, (—vg(z' f;)—1)Q)}, and for 1 < k <n-—1, B(k)
as the subset of B consisting of the k elements having
larger valuations at @) than the elements in B\ B(k).
Then a generator matrix of Cz (D, m@) of dimension k
can be written as

fo(P1) fo)(Pz) fo)(P )

>
—
F
S~—
=
S

z(P) fi(P1) x(P2)fi(P2)
(P2 f1(P1) 2(Py)2f1(Py) --- 2(P,)2 f1(Py)

where each row corresponds to an element in B(k). We
can get a similar expression for the number of multipli-
cations required for encoding Cr(D, m@).

Remark 6: In order to estimate the encoding com-
plexity (3) of our method, we do not have to find vectors
(resp,wj, ..., resp,w;). When we construct the one-
point algebraic geometry code Cq (D, m@Q) and decode
errors with the Feng-Rao [1] or the Sakata decoding al-
gorithm [5], we know the set W = {i | Cr(D,iQ) #
Ce(D, (i — 1)@)}. So we can know vg(B) because
vo(B) ={i—1]ie W} vg(B(k)) can be easily seen
from vg(B). We have #S = f{i mod a | i € vo(B(k))}
and 87, = #{i € vg(B(k)) | i — ¢ is divisible by a}.

Remark 7: To construct an encoder, we have to
find vectors (respwj, ..., resp,w;) for j = 0, ...,
a — 1. By the definition of wj, (respwj, ..., resp,w;)
may be taken as any element in Cq(D,vg(w;)Q) \
Ca(D, (vg(w;) +1)Q). Note that vg(w;) can be easily
calculated as described in the previous remark.
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