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[PAPER

Linear Codes on Nonsingular Curves are Better than

Those on Singular Curves*

SUMMARY  Recently, Miura introduced a construction
method of one-point algebraic geometry codes on singular curves,
which is regarded as a generalization of one on nonsingular
curves, and enables us to construct codes on wider class of al-
gebraic curves. However, it is still not clear whether there really
exist singular curves on which we can construct good codes that
are never obtained from nonsingular curves. In this paper, we
show that for fixed designed minimum distance in a wide range,
the dimension of codes on a singular curve is smaller than or
equal to that of the codes on its normalization, and the number
of check symbols of the former codes is larger than that of the
latter codes. This implies the optimality of nonsingular curves
for code construction.

key words: algebraic geometry codes, singular curve, normal-
ization

1. Introduction

We needed nonsingular algebraic curves with Goppa’s
construction of linear codes on algebraic curves. Re-
cently Miura generalized Goppa’s construction to sin-
gular curves [7]. His generalization enlarged the class of
algebraic curves available for code construction. How-
ever Miura has not clarified whether there are singular
curves on which we can construct better codes than
on nonsingular curves. It is well-known that perfor-
mance of codes on algebraic curves with many rational
points is better than those with fewer rational points
and the same genus. Since there is an example, see
Example 4.1, in which we can increase the number of
rational points by singularizing algebraic curve, there
might be singular curves that give good codes.

For an affine algebraic curve y, we call x’ the nor-
malization of x if the affine coordinate ring of Y’ is
isomorphic to the integral closure of the coordinate
ring of x [2, Exercise 3.17 in Chap. 1]. To determine
whether there are singular curves giving good codes
which cannot be constructed from nonsingular curves,
it is enough to compare codes on a singular curve and
its normalization. In this paper, we show that the di-
mension of codes on a singular curve is smaller than or
equal to that of the codes on its normalization and the
number of check symbol of the former is larger than
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the latter in a wide range of designed minimum dis-
tance. This implies nonsingular curves are optimal for
code construction in a wide range of designed minimum
distance.

In Sect.2, we review mathematical facts used in
the proofs of this paper. In Sect. 3, we review Miura’s
construction of linear codes on singular curves and find
the condition under which the number of check symbols
is completely determined by the gap number of curves
and the designed minimum distance. In Sect.4, we
show that the increase of rational points is not greater
than that of check symbols. In Sect.5, the concluding
remarks are given.

2. Notations and Preliminaries

In this section we review mathematical facts used in
this paper. Let K be an arbitrary perfect field. An
extension field F' of a field K is said to be an algebraic
function field over K, if the following two conditions
are met:

1. There exists an element x € F' which is transcen-
dental over K so that F is a finite extension of
K(z).

2. K is algebraically closed in F.

A discrete valuation v of the function field F/K is
a function v : F' — Z U {oo} satisfying

1. v(a) =0 iff a = 0.

2. v(ab) = v(a) + v(b), for all a,b € F\ {0}.
3. There exists a € F such that v(a) = 1.

4. v(a+b) > min{v(a),v(b)}, for all a,b € F.
5. v(a) =0, for all a € K\ {0}.

Proposition 2.1 (Strict Triangle Inequality [9]):  If
v(a) # v(b) then v(a + b) = min{v(a),v(b)}. O

For each discrete valuation vp of F/K there is
an associated discrete valuation ring Op = {a € F |
vp(a) > 0}. A discrete valuation ring Op is a local
ring and its unique maximal ideal P is called a place in
F/K and we denote by P the set of place in F/K.

We can find an element in F' with specified values
of discrete valuations by the following proposition.

Proposition 2.2 (Strong Approximation Theorem [9]):
Let S be a proper subset of Pr and P,...,P. € S.
Suppose there are given z1,...,z,. € F and integers
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n1i,...,N-. Then there exists an element x € F such
that

vp,(x —x;)) =mn; (i=1,...,7), and

vp(z) >0, VP e S\ {Py,...,P.}.

a

A divisor D in F/K is a formal sum of places
> npP where np is an integer and np = 0 except for
finitely many places P in F/K. We define vp(D) :=
np. Support of divisor D, supp D, is the set of places
P such that np # 0. For a divisor D,

L(D) == {f € F | YP, vp(f) > —vp(D)} U{0}.

L(D) is a finite-dimensional vector space over K.

For subring R in F, x € F is said to be integral
over R iff there exists elements aq,...,a,,_1 € R such
that 2™ 4+ apm_12™ 4+ - +ag = 0. Integral closure of
R in F is the overring {x € F | x is integral over R}.
If integral closure of R is R itself then R is said to be
integrally closed.

A subring R in F is said to be a holomorphy ring
if there exists a nonempty proper subset S of P such
that R = ((pcg Op. We denote ((pcgOp by Os. A
holomorphy ring is integrally closed in F' and its quo-
tient field is F. For subring R in F' with its quotient
field F, integral closure of R is a holomorphy ring.

Proposition 2.3: For a finite set of places S, a holo-
morphy ring Os = ()p.gOp and a nonzero ideal
I C Os, we define D := ), gmin{vp(z) | z € I} P.
Then for x € Og,

x € I\{0} & VP e€supp D, vp(z) > vp(D).

Proof: Since Og is a principal ideal domain by [9,
Proposition 111.2.10], I = tOg for some t € Og. Then

vp(t) =vp(D),VP €5,

and the assertion follows. O

3. Codes on Singular Curves and Their De-
signed Minimum Distance

In this section we review Miura’s construction of linear
codes on singular curves and give the condition when
the number of check symbols of a code is completely
determined by its designed minimum distance and the
gap number of the curve.

3.1 Miura’s Generalization
In this subsection we review [7]. F, denotes the finite

field with ¢ elements and let F//F, be an algebraic func-
tion field. For a place @ of degree one,

L(c0Q) ::UL(iQ): (N  ©Or

PePr\{Q}
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We fix a place @ of degree one in F/F,. Let R be
a subring of L(coQ). R is finitely generated over F,
in other words there exists {y1,...,4:} C L(c0Q) such
that R = Fy[y1,...,y:]. Let Fy[Y1,...,Y:] be a poly-
nomial ring in ¢ variables over F; and consider the fol-
lowing evaluation map:

F,[Yi,....Y ] —R
f(Yl)"'?}/t)Hf(y17"'7yt)'

Then the kernel of the map defines an affine algebraic
curve in t-dimensional affine space and we will identify
R with the curve. A curve having L(co@Q) as its affine
coordinate ring is the normalization of a curve having
R as its affine coordinate ring.

For a commutative ring A containing F,,
MSpec(A) is the set of maximal ideals in A. For M €
MSpec(A), we define the degree of M as [A/M : F,].
Let N(A) denote the number of maximal ideals of de-
gree one in A. There is a 1-1-correspondence between
maximal ideals in R of degree one and F,-rational
points in R. To see this, let M be a maximal ideal
of degree one in R and we set a; := y; mod M € F, for
i=1,...,t. Then the ideal (Y1 —aq,...,Y; — a;) con-
tains the defining ideal I of the curve R and (a1, ..., at)
is the corresponding F,-rational point of M.

Let {My, ..., My(ry} be the set of all maximal ide-
als of degree one in R. We define a map ¢ from R to
FY ag

q
R— F(]IV (R)
x +— (z mod My, ...,z mod My(g))

For a set -, (-) denotes the vector space spanned by -.
{f1=1, fa,..., } is a basis of R as F-vector space such
that vg(fi—1) > vo(fi) and

{gl =1,... 79N(R)}
={fi| o(fi) & (&(f1)s---,d(fim1)) )

where vg(gi—1) > vg(g:). Bi denotes (¢(g1), ..., d(g:))
and we set By := {0}.
Definition 3.1: For 1
M(s) = {(i,7) | ¢(g:95) €
1 <wv <y, (wo) # (i
ms = #M(s).

For F4-vector space W, W+ denotes the dual space of
W.

Proposition 3.2:
ear code

C(R,d) = {{¢(gs) | ms < d —1})*,

we can correct up to | (d—1)/2] errors by the Feng-Rao
decoding algorithm. O

s < N(R), we define
\ Bs_1 and for 1 < u <1,

<
B;
7j)7 ¢(9u9v) S Bs—l} and

[6, Theorem 3.4 and 3.5] For a lin-

By the proposition above, my is larger, the num-
ber of check symbols of C(R,d) is smaller for a given
designed minimum distance. There is a lower bound
for mg.
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Definition 3.3: The gap number G(R) of R is the
number of non-positive integers not belonging to

vQ(R).
Proposition 3.4: s> ms > s — G(R). O

If R is strictly contained in L(co@Q), G(R)
> G(L(c0Q)), the number of check symbols of
C(L(c0Q), d) seems to be smaller than that of C(R, d),
but it is not clear. In the next subsection we show
that it is the case in a wide range of designed minimum
distance.

3.2 When is the Number of Check Symbols Deter-
mined by G(R)?

Lemma 3.5: The restriction ¢|(g1,...
is injective.

Proof: This is the immediate consequence of [7,
p.1402, Lemmal. O

Lemma 3.6: [7, p.1402, Lemma] For G(R)+1 < s <
N(R) — G(R), —vg(gs) = s —1 4+ G(R). This implies
that for 2G(R) < i < N(R)—1, there exists G(R)+1 <

agN(R)fG(R)>

s < N(R) — G(R) such that —i = vg(gs). O
Lemma 3.7: If s < N(R) — G(R) and N(R) >
4G(R) + 1, then (4,j) € M(s) if and only if vg(gs) =
vQ(9i95)-

Proof: It is clear that if vg(gs) = vo(gig;) then (4, j) €
M(s).

We will prove that if vg(gs) # vo(gig;) then

(i,7) ¢ M(s). If vq(gs) < vg(gig;) then ¢(gig;) €
Bs_1 by Lemma 3.5 and (4, 7) ¢ M(s).
From here we assume that vg(gs) > vg(9i9;)

Case vg(gigj) > N(R): In this case,

9igj € (915 -+ In—c(r)) \ (915 3s);

and ¢(gig;) € Bn—c(r) \ Bs by Lemma 3.5. Thus
(i,5) ¢ M(s).
Case —N(R) > vg(gig;): We can assume without loss

of generality vg(g:) < vg(g;).

Subcase —N(R) + 1 —vg(g;) < —2G(R):
By Lemma 3.6 there exists u < 4 such
that vg(gu) = —N(R) + 1 — vg(g;). Since
vQ(9ugj) = —N(R) + 1 < vg(gs) and gug; ¢
<g17 s ags—1>a by Lemma 3.5 Qb(gug]) ¢ BS—17
which implies (i,7) ¢ M (s).

Subcase —N(R)+ 1 —vg(g;) > —2G(R): By as-

sumption
—2G(R) > —N(R) +2G(R) + 1
> vq(9;)
> vq(gi)-

By Lemma 3.6 there exists 1 < v < j such
that vg(gy) = —2G(R), and 1 < u < i
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such that vg(g;) = —N(R) + 1 4+ 2G(R )
Since vg(guge) = —N(R) +1 < vg(gs), by
Lemma 3.5 (b(gugv) ¢ Bs_1 and (17.7) ¢ (8)

O

Lemma 3.8: We assume 4G(R) + 1 <

1. For 3G(R) < s < N(R) — G(R), ms
2. For s < 3G(R), ms < 2G(R).
3,

Proof: This proof is based on [3, Theorem 3.8]. We

I
I
Q
=

define T = {—vg(g:) | 1 < i < N(R) G(R)}. For
leT,

Al = {@,5) i+ =1},

B(l) == {(i,j) € A(l) | i ¢ T},

C() ={(i,j) e Al) | j ¢ T},

D(l) = B)nC(l),

where i, j stand for nonnegative integers. We set ¢t =
—vg(gs). By the previous lemma,

= #A(t) — #B(t) — #C(t) + #D(1).

Ifs > G(R)+1,t =s+G(R)—1 and #B(t) = #C(t)
G(R) by [7, p.1402, Lemma]. Since #A(t) =t+1 =
s+ G(R),

ms =s — G(R) + #D(t).

2G(R) — 1 is an upper bound for integer 7 such that
—i ¢ vo(R). Hence for given ¢, candidates of elements
in D(t) are

(2G(R) — 1,t+1 —-2G(R)),

(2G(R) — 2,t +2—-2G(R)),

(t+1—-2G(R )2G( )—1).
This implies

#D(t) <AG(R) — 1 —t if t < 4G(R) —
#D(t) = 0if t > 4G(R) —

This proves the statement. O

By the above observation, we find that the number
of check symbols of C(R,d) is completely determined
by G(R) in a certain range of d.

Theorem 3.9: Iff 4G(R) + 1 < N(R), for 2G(R) +
1 <d < N(R)—2G(R)+1 the number of check symbols
in C(R,d) is d+ G(R) —

Proof: By the previous lemma,

{s|ms<d-1}={1,2,...,d+ G(R) — 1}.

TPellikaan and Torres showed that the assumption
2G(R) + 1 < d in Theorem 3.9 can be weaken [8].
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4. The Number of Fj -Rational Points in a Sin-
gular Curve and Its Normalization

Let R be an affine coordinate ring of some affine al-
gebraic curve defined over F, and assume that R is
properly contained in L(coQ) for some place of degree
one in its function field F/F;. Then R is not a holo-
morphy ring of F/F, and not integrally closed by [9,
Cor. II1.2.8]. Since an affine algebraic curve is nonsin-
gular if and only if its affine coordinate ring is integrally
closed, the affine algebraic curve having R as its coor-
dinate ring is a singular curve.

L(00Q) is the coordinate ring of the normalization
of R by definition. G(L(c0@)) equals to the genus of
F/F, and strictly less than G(R). Thus the number of
check symbols of C(L(c0Q), d) is strictly less than that
of C(R,d) in a wide range of d. But N(L(c0@Q)) might
be much less than N(R) and it is not obvious whether
C(L(0Q),d) is better than C'(R,d). In this section we
show that N(R) — N(L(0Q)) < G(R) — G(L(c0Q)).
Before giving proof, we present an example that N(R)
is greater than N(L(c0Q)).

Example 4.1: Consider F/F,; = Fs3(x,y)/Fs3 with
y? = 23 + 2. It is an elliptic function field. If Q is the
common pole of x and y then L(coQ) = Fss[z,y]. It
can be verified that L(co()) has 67 maximal ideals of
degree one by counting solutions of Y2 — (X3 + X) =
0 (mod 53). Thus it has 68 rational points and it
attains Serre upper bound [9, Th. V.3.1] for the number
of rational points of a nonsingular curve. Let z = 22 +
52425 and consider R = Fs3(y, z]. The quotient field of
R is F. Let J be an ideal in F53[X,Y, Z] generated by
(Y2 X3-X, Z—X2-5X—25} and I := JNFs3[Y, Z].
Then R is isomorphic to Fs3[Y, Z]/I[1, Prop. 15.30]. I
is generated by 27 + 33Y2 4 52Y* + 527 4 38Y%Z +
33Z% + Z3. Tt can be verified that R has 69 maximal
ideals of degree one by counting solutions of 27+33Y 2+
52Y4+522+38Y2Z+3322+ 273 =0 (mod 53). The
number of rational points exceeds Serre bound. Since
vo(y) = —3 and vg(2) = —4, G(R) = 3 and that is the
maximal possible number of Fgs-rational points by the
theorem proved later.

For M € MSpec(R), we define its local ring Oy
by the localization of R with respect to M, in other
words On = {f/g | f € R, g € R\ M}. O); is its
integral closure in F'. We call M nonsingular if and
only if Oy = O);. For a maximal ideal M of degree
one, this definition is consistent with ordinary definition
of singularity [2] of an Fg-rational point.

Lemma 4.2:

R= ﬂ O,

MeMSpec(R)

Lie@Q)= (] Oun

MeMSpec(R)
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Proof: Nyrenmspecry Om = {f/9 | f € R,g € R\
UMEMSpec(R) M} For z ¢ R \ UMGMSpeC(R) M, the
ideal (x) is R itself and 1 € (z). Thus z is a unit of R.
We have proved R = ()semspec(r) OM-

Since O}, is a holomorphy ring and not contained
in the discrete valuation ring Og, L(co@) C O}, and
the inclusion L(00Q) € (yremspec(r) O is obvious.

For M € MSpec(R) and S := {P € Pr | Op D
O}, by [9, Th. IIL.2.6]

v=1[)Op.

pPcS

Assume there is an element = € (\pcnmspec(r)y O \
L(o0@). Then there exists a place P € Pp \ {Q} such
that for all M € MSpec(R), Opr is not contained in
Op. This implies R is not contained in Op, which con-
tradicts that R is a subring of L(co@). O

Definition 4.3: The conductor cp; of ring extension
3\4/0]\/[ is

{f€0n |VYge Oy, fg€O0um}.

In other words, cps is the largest ideal in Oy, which is
also an ideal in O).

Since a conductor ¢y is a ideal in a holomorphy ring, by
Proposition 2.3 we can identify cps with a divisor and
dim O); /enr = degen < oo by [1, Exercise 11.13 aj,
where dim O, /¢y is the dimension of Fg-vector space
Ohr/em. Thus dim O); /O < 00 by ey C O, where
O4;/Oxs is not a ring extension but a factor space.

Definition 4.4: For M € MSpec(R),
dnr = dim Oy, /Oy
Lemma 4.5:

dimL(ccQ)/R=" Y  du.

MeMSpec(R)

Proof: We explicitly construct an F,-basis of O},/On
whose representatives belong to L(coQ) and are linearly
independent modulo R. Let {f1 + Ons,..., fs + Oum}
be a basis of O},/On. By the strong approximation

theorem we can find a function gps; € Ffori=1,...,s
such that
vp(gn,i — fi) = vp(en), VP €suppeny,
vp(gm) = vp(en), VYN € MSpec(R) \ {M},
Oy # On,
VP € suppcy,

vp(gnmi) >0 VP ePrp\{Q}.

By the first condition and the strict triangle inequality
of discrete valuation, vp(gar,:) > min{vp(f;),vp(car)}
for P € suppepy and ¢ = 1,...,s. Thus ga,; € O)y.
Because gnr,i = fi  (mod Onr), {ga,14+On, - .. s+
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O} is a basis for O);/On. By the third condition
ga,i’s belong to L(coQ). We construct gun,; for other
singular points N. Finally we show gas;’s are linearly
independent modulo R. Assume that

S
Z aigm,i +
i=1

Z bnign € R,

NGMSpec(R)\i{]\/ILO;V #0OnN

where a;, by ;’s belong to F,;. The second summation
is contained in cp; C Oy and the first summation be-
longs to Op. Since {gm1 + Oy -y gms + Oum} is a
basis of O);/O, this implies all a;’s are 0. Similar ar-
gument for other N # M shows by ;’s are 0. We have
proved dim R'/R > %" ,,6n. The converse inequality
is obvious. O

Lemma 4.6:
dim L(00Q)/R = G(R) — G(L(0Q)).

Proof: For each j € —vg(R\{0}), there is 3; € R such
that (8j)ec = JP- {B)}je—vo(r\{0}) forms a basis of R
as a Fg-vector space. Let S be the set of nonnegative
integer ¢ such that —i € vgo(L(c0Q)) \ vo(R). Then for
each i € S, there exists a; € F such that (q;)e = iP.
{aities U{B)}je—vo(r\fo}) forms a basis of L(co@Q) as
a Fg-vector space. This proves the lemma. O

We define a map @ from MSpec(L(coQ)) to
MSpec(R) as

MSpec(L(0c0Q)) — MSpec(R)
M— MNR

We count the number of a maximal ideal M €
MSpec(R) of degree one such that for all N € ¢p~1M,
deg N > 1. Thisideal M corresponds to the Fj-rational
point in R which becomes not F,-rational by normal-
ization.

Lemma 4.7: For M € MSpec(R) of degree one,
VN € ¢~ 'M, deg N > 1 only if 557 > 0.

Proof: If Oy = O, On is a holomorphy ring with

a unique maximal ideal, thus is a discrete valuation

ring in F/F,. Let P be its place. Then ¢y~'!M =

{PNL(c0Q)} and P is a unique maximal ideal of O),.
R/M ~ Oy /P by the property of localization, where

~ denotes field-isomorphism. Ops/P ~ L(ooQ)/P ﬁ
L(o0@Q) by [9, Prop. 111.2.9].

Corollary 4.8:

N(L(=Q)+ > 6u.

MeMSpec(R)

N(R) <
O

Theorem 4.9: We assume that R is a proper sub-
ring of L(co@®) and 4G(R) + 1 < N(R) which im-
plies 4G(L(00Q)) + 1 < N(L(x0Q)). Let ny = N(R)
and ng = N(L(c0@®)) be the code length of C(R,d)
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Table 1  Dimension and redundancy of codes on the curves in
Example 4.1.
[  d [ 2]3J]4]5]6][]7<d<64]
k1 68 | 66 | 64 | 62 | 62 67 —d
ko 66 | 64 | 63 | 62 | 61 67 —d
n1 — k1 1 3 5 7 7 d+2
na — ko 1 3 4 5 6 d
Table 2 Information rate and relative distance of the codes on

the curves in Example 4.1.
L4 [ 2 [ 3 [ 4 [ 5 | 6 ]

k1/n1 0.9855 | 0.9565 | 0.9275 | 0.8986 | 0.8986
ka/no 0.9851 | 0.9552 | 0.9403 | 0.9254 | 0.9104
d/m 0.0290 | 0.0435 | 0.0580 | 0.0725 | 0.0870
d/no 0.0300 | 0.0448 | 0.0600 | 0.0746 | 0.0896

and C(L(c0Q),d) respectively. Let ki and kg be the
dimension of C(R,d) and C(L(c0Q),d) respectively.
Then for designed minimum distance 2G(R)+1 < d <
min{n; — 2G(R) + 1,ny — 2G(L(x0Q)) + 1},

k1 < ko, — k1 > ng — k.

— k1 =d+G(R)—1>d+G(L(coQ)) —

Proof: n;
Nnog — k2.

ki = N(R) — G(R) —d +1

—G(L(0Q)) —d+1
= ko.

O

The performance of linear codes constructed on
curves given in Example 4.1 is tabulated below.

For 7 < d < 64 it is clear that codes on the singular
curve are worse than codes on its normalization. For
d < 6 we compare the information rate k; /n; fori = 1,2
and the relative distance d/n;.

For d > 4 both information rate and relative dis-
tance of codes on the normalization is better than codes
on the original singular curve. For d = 2, 3 which codes
are preferable depends on applications.

5. Conclusion and Further Study

We showed that the dimension of codes on a singular
curve is smaller than or equals to that of the codes on
its normalization and the number of check symbol of
the former is larger than the latter in a wide range of
designed minimum distance. This implies nonsingular
curves are optimal for code construction in a wide range
of designed minimum distance.

Thus when we have a singular affine algebraic
curve with a unique rational place at infinity, it is desir-
able to construct algebraic geometry codes on the nor-
malization of the original curve. In the next paper [5]
the author clarifies how to do it.
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