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Fidelity of a t-error-correcting quantum code with more than t errors
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It is important to study the behavior of teerror-correcting quantum code when the number of errors is
greater thart because it is likely that there are also small errors begithlrge correctable errors. We estimate
the fidelity of at-error-correcting stabilizer code over a general memoryless channel, allowing more than
errors. We also show that the fidelity can be made arbitrary close to 1 by increasing the code length.
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[. INTRODUCTION tum channel$2,3]. Our estimation is restricted to the stabi-
lizer quantum codes introduced in Ref&—7], which in-

In the study of the quantum error-correcting codes, it isclude almost all good quantum codes discovered so far. It
usually assumed that only a small number of qubits are afshould be noted that the essential idea in our analysis already
fected and the rest of the qubits are left unchanged. Howeveappeared in Ref3], Sec. 7.4.
it is important to study the behavior of taerror-correcting This paper is organized as follows. In Sec. Il we introduce
quantum code when the number of errors is greater than notations used in this paper, and review the stabilizer quan-
because it is likely that there are alsmall errors besides ~ tum codes and their error-correction process. In Sec. Il we
large correctable errors. The goal of this paper is to provide 8ive a lower bound for the fidelity. In Sec. IV several con-
lower bound for the fidelity of the quantum error correction Sequences and generalizations are discussed.
under the general noise model without any approximation.

The fact that quantum error-correcting codes work under the Il. PRELIMINARIES

general noise model seems a folklore result, and the original

contributions of this paper are a rigorous proof and a quan-

titative relation between the fidelity and the noisiness of the et / be a Hilbert space. We denote 5y) the set of

channel. density operators of. For a density operatgr on{ and a
The following research has been done prior to this papeistate vector ) e H, the fidelity [8,9] between them is de-

It has been informally argued in Réfl] Sec. VI, that those fined by

small errors do not result in a large error in the recovered

quantum state. The first rigorous analysis was done in Ref. F(l¢).p)=(¥lple).

[2] Sec. 5.4, in which the authors assumed that the channel

was memoryless, that is, each qubit interacts with differentt measures how closg)) andp are.

environment, and there was a scalar multiple of the identity In this paper we conside+error-correctind[ n,k]] binary

operator in an operator sum representation of the channeuantum codes unless otherwise stated H.ebe the Hilbert

superoperator. In Ref3], Sec. 7.4.2, quantitative relations space of dimension 2. Ldt be a superoperator di,, that

between the fidelity and the noisiness were given for twas, a trace-preserving completely positive linear map from

specific classes of memoryless channels. Aharonov and(H,) to S(H,). We assume that the channel is represented

Ben-Or[4] Sec. 8, analyzed the fault-tolerant quantum com-by I', which means that when we send a density operator

putation under the general noise model that is equivalent to & S(H,) through the channel we gét(p) € S(H,) at the

memoryless channel, and showed that if the channel is natceiving end. The channel considered in this paper is as-

too noisy then the error-free computation is possible. Howsumed to be memoryless. So when we send a state

ever, they did not provide a quantitative condition of generale S(H3") we getl'®"(p).

channels allowing the error-free computatidithey pro- We shall review the unitary representation of a superop-

vided that of restricted channels. erator[10]. A simplified proof can be found in Ref11], in

In this paper we assume that a unitary representation ghe Appendix. Lefl" be a superoperator on a Hilbert space
the channel superoperator has large identity compo#esit 77, Then there exists a Hilbert spadé:, a state vector

sumption 3, and we give a lower bounfEq. (7)] for the |o_) e H,, and a unitary operatdd on H® Hg such that
average of the fidelity between the original state and the

recovered state without using any approximation, where the I'(p)=Tre(U(p®|0g)(0g))U*), (1)
average is taken over the measurement outcome in the error

correction process. As a consequence we show that the avggy g|| p e S(H), where T is the partial trace ovet . That
age of the fidelity can be made arbitrary close to 1 over gs called a unitary representation Bf

general memoryless channel by increasing the code length.

This fact has been proved only over specific classes of quan-

A. Notations

B. Stabilizer quantum codes

In this section we review the method of quantum error
*Electronic address: ryutaroh@rmatsumoto.org correction proposed in Reff5—7]. Let
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lo -1 In this section we consider the fidelity between the origi-

nal state and recovered state. Llebe the channel superop-

andE={xw;®---®w,}, wherew; is eitherl, oy, o, or  erator ofH, as in Sec. Il A. Sincé, o, o,, ando,o, form

oxo,. The setE is a noncommutative group with matrix a basis of linear operators dty, in a unitary representation

multiplication as its group operation. L8tbe a commutative of I" we can writeU in Eq. (1) as

subgroup ofE. A quantum error-correcting cod@C H3" is

defined as an eigenspace f |®Lootox®Lyoto,@Lg 1t oyo,ly,
ForM e E we defineMQ={M|¢):|¢) € Q}. The setMQ _ . .

is also an eigenspace o8 for any M cE. Moreover, whereL; ; is a_l_lmear operator on a Hilbert spakk-. Let

{MQ:M cE} is equal to the set of eigenspacesft fol-  |0g) be the initial state oHg.

lows that every eigenspace Shas the same dimension. Let ~Lemma 2 We retain notations as abovgLoQg[<1,

dimQ=2. Then there are 2 eigenspaces o8 Let S’  Where]|-| denotes the norm of a vecter

—={NeE:MN=NM for all M e S}. It is known that Proof. Let {|0),|1)} be the orthonormal basis such that
0,/0)=11), 0,|1)=[0), 0;0)=[0), and o|1)=—[1).
S'={MeE:MQ=Q}. (20 Then we have
We shall describe the error correction procedure.H.gf, U(|0)®[0g)) =|0)@ (Lo dOg) + Lo, 0e))
be the Hilbert space representing the environment around the " n
channel. Suppose that we send a pure $tate Q, and the 1)@ (L1dOe)+L11l0e),
environment is initially in a pure sta{6g,,) € Heny. Suppose U @10 = 1)@ (Lo J0) — L~ .10
also that we receive an entangled sfatee Hy"®H,,,. We (11)@102))=[1)& (LodOg) ~ Lo.l0g))
measure an observable bf;" whose eigenspaces are the +|0)®(L1,00g)—L14O0g).
same as those @& Then the statéy) is projected to ')
€ Q' ®H,gn,, WhereQ'’ is some eigenspace & Since both vectors are of unit norm, it follows that

We will define the weight of an operatdf € E for error
correction. LetM=x=w;®---®w,, wherew; is eitherl,
oy, 05, Or og,0,. The weight of M is defined to be

[LodOg) +Lo40g)|<1,

[{i:w;#1}|, and denoted byw(M). We define the numbeis ILo,0g) — Lo Og)<1.
dd' b
an y We concludg|Lq Ogl|<1. [ |
d=min{w(M):MeS' and =M ¢S}, Assumption 3Assume that
d/ — mln{W(M) M e Sr and +M =% } H L0,10E||2+ ||L1,00E||2+ ||Ll,lOE||2: p

Hereafter we denotél£" by H,, and|0g)® - - - ®|0g) by

The numbed is called the minimum distance . The code
N PR ) . ) . |Ocny - Suppose that we send) € Q and the recovered state
Qs said to be pure ifil=d’ and impure ifd>d’. We define is M1 Tr,, (|‘//'><W|)(M71)* as in Sec. Il B.

t=](d—1)/2], where|x] denotes the largest integerx. env s

There are many operatold € E such thatMQ=Q’'. Let _V}/e shall, C,O“S'd?{ . the average ofF(l¢),
M be an operator whose weight is minimum among themM * Tru_ (1" X(#'[)(M™1)*) for an arbitrary fixed state
Note that if the weight oM is greater thap(d’ —1)/2] then  |¢) € Q under the assumption that the channel is memory-
there may be another operatdvl’ such thatw(M') less. The superoperator of the channelli§". Let Z,
=w(M), M'Q=Q’, and M#+M’'. We guess that the ={0,1} with the addition and the multiplication taken

original pure state is M*1®Iem,)|z,//>, where l g, is the  modulo 2. F0r§=(a1, ...,y eZ), we define
identity operator orH,, .
If the number of errors<t, then| ') is the tensor product X(a)= U§1® e® o-in ,

of |¢')eQ’ and some pure state iHgny, and M~ ¢’)
=|¢). However, we do not make such an assumption, and
we shall analyze the closeneff&elity) between|¢) and
M~ T () ) (Mh*.

We shall use the following fact later.

Proposition 1 Let M’ eE be an operator such that .
M'Q=MQ. If *M’'&MS then w(M')>t, where MS 2 X(a)Z(b)®Lgp,
={MN:NeS}. abez)

Proof. If w(M)>t thenw(M')>t by the definition ofM.

Suppose thaw(M)<t and w(M')<t. Thenw(M~1Mm’)  Where
<2t<d, M"M’'eS by Eq. (2), andM M’ &S. This
contradicts to the definition al. |

Z(gl)=a'§1® e ®a’§”.

Then a unitary representation Bf" can be written as

Léf,: Lal'bl® v ®Lan 'bn'
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Let |¢) be as in Sec. Il B. By notations defined so fa)
can be written as

W)= 2 X(2)Z(0)|@)®La5|0eny)-

n
a,beZ2

Let Q' be an eigenspace & We shall consider the prob-
ability Py, of |) being projected toQ’ ®Hyg,, after the

measurement. Leté(g/ ,BQ,) be a pair of vectors such that
X(a0)Z(bo)Q=Q’ and that if M'Q=Q’ then w(M")
>w(X(ag)Z(bg')). Observe that if w(X(aq)Z(bo))
>|(d’"—1)/2] then there may be another operaldf such
that M'Q=Q’, w(M")=w(X(ag)Z(bo/)), and M’
+X(ag)Z(bg:). This implies that &g ,bo) is not
uniquely determined byQ’. One may choose whichever
(8o ,bgr) provided thatX(ag)Z(bo/) has the minimum
weight (see also Sec. IVD Let To ={(c,d)eZ}

X Z5:X(€)Z(d)Q=Q" and=X(c)Z(d) ¢ X(ag)Z(bo) S}
We define

logr)= > X(©)Z(d)| )& L gl Ocny),
C,dezg
+X(c)Z(d) e X(ag)Z(bo1)S
og)= X X(Co)Z(dg)|@y®Léy,dy | Ocny-
(CQ’ ,dQ') ETQ/

Observe that

>

Q' isan eigenspace 08

)= ogtoh) @
and the projection ofy) t0 Q' ®Hgy,y is |0'Q/+0'(’?,>. Thus
Pqo is given byllog + o [I°.

Let ly")=log +ao)lllog+agl and M
=X(ao:)Z(bg). Next we shall calculate a lower bound for

g PQf<1—FQf><§ (ooilog)

Q' (EQ',an)ETQr
<> X

Q' (CQf ,dQI)ETQ!
-3

6,&622

w(c,d)>t
= -Z ||L5d0en\,l|2

C,dEZg

W(E,&)>t

IX(Cq)Z(don) |y Lg
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the fidelity between |¢) and the recovered state
M~ Ty ([ )¢’ )(M™H* when |¢) is projected to
logr+ a’Q,) e Q' ®H,,, after the measurement. Observe that
taking partial trace ovefl ., and applyingvl ~* to |ogr) and

|ch,+0(’3,> yields the original statée) and the recovered
stateM ~* Try_ (|")(4'|)(M™1)*, respectively. The fidel-

ity between|e) and M~ Try_ (|4 )(4'[)(M™H)* is not
less than that betweewq ) and |oq +ay,), because the
fidelity does not decrease by unitary operations and taking
partial trace[12]. We shall calculate a lower bound for the

fidelity Fo: between|oq) and|oq + o),

<O'QI|O'Q!+O',Q,><O'Q7+(T(,2, O'Qr>
<UQ/|UQ'><UQ'+0.,Q’|O-Q/+O-(,g’>

1_FQr:1_

. <O'Qr|(TQ/><O'(IQ,|O',Q,>_<0'(,2,|O'Qr><0'Qr|0'(lg,>
<UQ’|UQ’><0'Q’+0'(,g'|O'Q’+O'(,g'>

<O'Q/|U'Q/><(T(,?/|O'(,g/>

<0'Q!|(TQ/><0'Q!+0"Q;|U'Q/+0"Q;>

C (obleb)
<O'QI+O'IQ,|O'Qr+O'(,D,> .

We shall calculate an upper bound for the average of 1
—Fq/, where the average is taken over the measurement
outcome. The following fact will be used. For a pair of vec-
tors (a,b), w(a,b) denotesw(X(a)Z(b)).

Proposition 4 We have

Ugq’isan eigenspace OSTQ’ C{(a, b)e ng Zg :w(a,b)>t}.
Proof. The assertion follows from Proposition 1. N

In the following calculationQ’ runs through the set of
eigenspaces d§,

2
X(CQ’)Z(dQ’)|QD>® LEQ,&Q,|0env>

cQ,aQr|0env>||2

1X(¢)Z(d)| @) ®LgdlOenyl|* (by Proposition 4

: 4
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For a vectora=(ay, . .. ,a,) €23, let such a sequence is guaranteed by the quantum Varshamov-
Gilbert bound[5], Theorem 2, in a certain range af
/(0)=|Lodel? We shall consider the asymptotic behavior of Eg,
n n n
/()= Lo, Qe+ Ly Ol + L1 Ol (n) it n) . (n)
! ! ! . - . = - - 2n-
A(a)=i1;[l /(@) If t/n=a thenp'*12"<p(2p*)", which converges to 0 as

n—oo. Thus if we use the sequence of quantum codes de-
scribed above, we can make the average of fidelity arbitrary
close to 1 by increasing the code length. Note that our esti-
mate differs by a factor of 2 from an intuition 1
—O(p'™Y) of the fidelity of quantum error correction.

h(a)=|{i:a;#0}|.

Observe thath (a)<p"® by Assumption 3 and Lemma 2.
For vectorsa, be 23, let or(a,b) be the bitwise logical or of

; o n
them. By these notations, for a vecte Z; we can see B. General channel

The memoryless assumption is used only in ). We

. 2_ A2 h(a
- 2 N ILé0enll*=A(a)<p"®, can calculate a lower bound for the average of the fidelity
cdeZ; over an arbitrary channel as E®) by rewriting the unitary
ore,.d)=a operator in a unitary representation as
andw(c,d)=h(or(c,d)). By these observations we can re- .
write Eq. (4) as i 2 X(@)Z(b)®L 5.
a,bEZ;
2 ledOanl®= 2 Aa) (5 |
¢,dez) acz) C. Nonbinary codes
w(c,d)>t h(a)>t We can generalize the result to nonbinary stabilizer codes
as follows. We consideg-ary stabilizer codes. Lét; be the
<3 ph(é) g-dimensional Hilbert space ar{@®), ...,/q—1) an ortho-
aczl normal basis oH,. Let\ be a primitiveqth root of 1, for
h(a)>t example, exp(2i/g). We define a linear mag, sending|i)

. to |i+1 modg) and D, sending|i) to A\'|i) [13]. Observe
m . thatC,= o, andD_,=0, whenq=2.
= ( i )p ' ©) Let I' be the channel superoperator by, and suppose
that a unitary representation bfis

Thus
I'(p)=Try (U(p®|0g)(0g))U™).
n
1_i;1 i )pi (7)  We can writeU as

is a lower bound for the average of the fidelity between the u= S cpliel .
original state and the state recovered birearor-correcting ihez? qoAT =L
guantum code of length. e

Example 5By Table Ill of Ref.[6], it is known that there where Zq—{0, ... 4—1} and L, is a linear operator on

exists a[[ 25,5,7]] code. We take it as an example. Then we
have t=3. At p=0.01, the value of Eq.(7) is 1 E- _ . . .
~0.000132, and ap=0.001 the value of Eq(7) is 1 Replace the definition gb in Assumption 3 with
—-0.127x 10 7.
p= X IIL,;Ogll>.
IV. CONSEQUENCES AND GENERALIZATIONS (0,0)¢(i,j)625

A. Error-free communication is asymptotically possible -

o . y p P Then the lower bound Eqd7) also holds forg-ary stabilizer

In classical information transmission we can make thecoges.
error probability arbitrary small by increasing the code
length. The same result also holds in the quantum casex Let
be a real number such thap2<1. Suppose that there exists
a sequence df-error-correcting quantum codes of length In the error correction process described in Sec. Il B we
such thatt;/nj—a and nj—e asi—o. The existence of have to find an operatavl € E such thatw(M) is minimum

D. Bounded distance decoding
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among operatorbl € E such thaNQ=Q’. The task of find- E. Nonstabilizer codes

ing suchM from the measurement outcome becomes com- |t seems difficult to generalize the result in this paper to

putationally difficult when both the code length and the mini-nonstabilizer codes. Because in the error correction of non-

mum distance are lardé5,16. In practice, we may give up stabilizer codes we cannot write) as sum of eigenvectors

finding suchM if there is no operatoN of weight=<t’ such  of the measured observable as in E).

thatNQ=Q’, wheret’ is an integer<t. This is a quantum

analog of the classical bounded distance decoftldg We F. Entanglement fidelity

shall slightly modify this bounded distance decoding and The entanglement fidelity introduced in Refg2,11]

give a lower bound for the average of fidelity. should also be considered in some applications, and we can
LetQ, Q', |¢') andl,, be as in Sec. I B. If there is an estimate the entanglement fidelity from the fidelity by their

operatorN € E such thatNQ=Q’ andw(N)<t', then let relation[2], Theorem V.3.

M =N. Otherwise choose an operatdre E such thatM Q

=Q'. Let the recovered state b®I( 1®14,)|¢"). With this ACKNOWLEDGMENTS
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