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We generalize the random coding argument of stabilizer codes and derive a lower
bound on the quantum capacity of an arbitrary discrete memoryless quantum chan-
nel. For the depolarizing channel, our lower bound coincides with that obtained by
Bennettet al. We also slightly improve the quantum Gilbert—Varshamov bound for
general stabilizer codes, and establish an analog of the quantum Gilbert—
Varshamov bound for linear stabilizer codes. Our proof is restricted to the binary
guantum channels, but its extension of teadic channels is straight
forward. © 2002 American Institute of Physic§DOI: 10.1063/1.1497999

[. INTRODUCTION

The quantum capacity of a quantum channel is the amount of quantum states that can be
reliably transmitted through the channel. It is one of the fundamental unsolved problems in the
quantum information theory. Except for the quantum erasure channel, we know only lower and
upper bounds for the quantum capacity of a quantum channel, and, in addition, a tight lower bound
is not known for a general memoryless quantum channel. In this article we shall demonstrate a
lower bound on the capacity of a general memoryless quantum channel. A quantum channel is said
to be memoryless if the state change of one transmitted quantum s{afténe fixed degree of
freedon) is statistically independent of the state change of another.

The problem of quantum capacity has attracted great attention, and rapid progress has been
made. To be precise, the quantum capacity of a binary memoryless cHaméhe maximum
numberQ(I") such that for any ratR<Q(I") and anye>0 there exists afi n,k]] quantum code
Q with k/n=R such that the fidelity between the recovered state and the original glateQ is
at least 1€ for any |¢).2? In Refs. 1 and 2, the authors obtained the exact capacity of the
quantum erasure channel, and showed lower and upper bounds for that of the quantum depolar-
izing channel. The same lower bounds for those channels were also obtained in Ref. 3 by using
random coding of the stabilizer codes introduced in Refs. 4—6. After that, DiVincenab’
improved the lower bound for a depolarizing channel by using nonrandom stabilizer codes. The
upper bound of the depolarizing channel was improved in Refs. 8—-10, and generalized to asym-
metric depolarizing channels in Ref. 11. An apparently different definition of the quantum capacity
was formalized in Ref. 12, in which an upper bound of a general memoryless quantum channel
was established by using the notion of coherent information introduced in Ref. 13. It is informally
argued in Ref. 14 that the upper bound in Ref. 12 is achieved by random coding over a general
memoryless channel. Barnuet al*® showed that the definitions of quantum capacity in Refs. 1,

2, and 12 were equivalent.

It is the random coding that is the most commonly used technique in classical information
theory to show that a specific rate is achieved by a code in a specific class of codes. For example,
Elias showed that the capacity of the binary symmetric channel is achieved by binary linear codes
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using random codin§ (a readable proof of this fact can be found in Sec. 6.2 of Ref.A proof

by random coding usually proceeds as follows: one first calculates the average of error probability
of all codes in a specific class of codes of the same rate and the same code length, then shows that
the average converges to 0 as the code length increases, and finally concludes that there exists at
least one sequence of codes of the fixed rate with which the error probability converges to O.

The technique of random coding is also used in the quantum information theory. Gottesman
showed using random coding that the lower bound on the quantum capacity of the depolarizing
channel can be achieved by stabilizer codes. However, his proof does not seem to extend easily
to the case of general memoryless channel. The aim of the present article is to derive a lower
bound on the quantum capacity of a general memoryless channel by using random coding of
stabilizer codes. In our argument of random coding, we shall use the fiefigs a replacement
of error probability in the classical random coding, and use the idea behind the proof of the
quantum Gilbert—Varshamov bound for the stabilizer cdd&s a byproduct, we also improve the
guantum Gilbert—Varshamov bound for stabilizer codes. Our improved b@radark 10 is
slightly better than the quantum Gilbert—Varshamov bound for general éddes.

As a natural consequence of the quantum Gilbert—Varshamov bélewad the fidelity bound
of t-error correcting quantum cod&s,>we can also derive lower bounds for the quantum ca-
pacity of a general memoryless quantum channel. However, for the depolarizing channel, the
derived lower bounds are much smaller than that obtained in Ref. 2. In contrast to this, our lower
bound coincides with the bound in Ref. 2 for the depolarizing channel.

It is interesting whether the proposed lower bound is achieved by a subclass of general
stabilizer codes. We also show that the random coding of linear stabilizer codes yields the same
lower bound on the quantum capacity. As a byproduct we obtain an analog of the quantum
Gilbert—Varshamov bound for linear stabilizer cod&emark 13, which is asymptotically the
same as that for general quantum cotfes.

The gquantum channel considered in this article is discrete in the sense that the channel carries
finite-dimensional quantum systems, and we do not touch the quantum capacity of a continuous
quantum channel recently studied in Refs. 24 and 25. Our proof is restricted to the binary quantum
channels for the simplicity of presentation, but its extensioh-adic channels is straightforward
for primel.

This article is organized as follows: In Sec. Il we introduce notations and review relevant
research results. In Sec. Il we derive a lower bolilgd. (16)] for the quantum capacity of an
arbitrary discrete memoryless quantum channel by random coding of stabilizer codes.

II. NOTATIONS AND PRELIMINARIES

In this section we fix notations used in this article, and review known research results that are
necessary to establish our results.

A. Quantum channel and its quantum capacity

For a finite-dimensional complex Hilbert spakg let S(H) be the set of density operators on
'H and L(H) be the set of linear operators @ The standard description of a quantum channel
is the completely positive trace-preserving m&P map.2°~28 Suppose that we send a state
€ S('H). The statistical ensemble of the received states is describE¢ppby a CP mad'.

Suppose that we send a state S(H “") through a quantum channel. The quantum channel
is said to bememorylessf the received state is described BS"(p) for all pe S(H *") and for
some CP map on L(H).

Fidelity is a measure of closeness between two quantum states. The fitlblityveen a pure
state| @) e H and a statg € S(H) is defined by ¢|p|¢).**°We have 6<F<1 and two states
are closer if the fidelity between them is larger.

Let H, be the two-dimensional complex Hilbert space. Unless otherwise stated we consider
the binary memoryless quantum channel, that is, when we ger§(H>") we receivel ®"(p),
wherel is a CP map oiL(H,). We shall identify a binary memoryless channel with a CP map on
L(H5).
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A binary [[n,k]] quantum codeQ is a 2-dimensional subspace ¢f5". The rate of an
[[n,k]] quantum code i&/n. The quantum capacity of a binary memoryless chahhé the
maximum numbeQ(I") such that for any ratR<Q(I') and anye>0 there exists af[n,k]]
guantum code&) with k/n=R such that the fidelity between the recovered state and the original
state|¢) e Q is at least € for any|¢).>?

B. Fidelity bound of the quantum error correction

In this subsection we review Preskill's lower bound on the fidelity of quantum error correction
in terms of the set of uncorrectable errors of a quantum code. Let

01 1 0
71 o) 77 lo -1/

and&é={w;®---@w,}, wherew; is eitherl, o,, o, or o,0,. For a quantum cod® and a fixed
error correction process f@, an operatoM e £ is said to be correctable if the error correction
process ofQ recoversM|¢) to |¢) for all |¢) e Q. An operatorM is uncorrectable if it is not
correctable. Le€,,C € be the set of uncorrectable errors of a quantum @deH;". Suppose
that we send a pure state) € Q through a binary memoryless channel described by a CPIiap
on L(H,). By a unitary representation of a CP nfdghere exists a finite-dimensional Hilbert
spaceH g, a pure statéOg,,) € Hen, and a unitary operatdd on Hy"®H,,,, such that

F(P):TrHenv(U(P(g’|0env><oenvl)U*) (1)

for all pe S(H;"), where Th,,, is the partial trace ovell,,. Sincef is a basis ofL(H5") we
can writeU in Eq. (1) as

U= MoLy,
Me&

wherelL y, is a linear operator ohl,,. Preskill proved the following theorem in Sec. 7.4 of Ref.
23.

Theorem 1: Let Q andé&,,. be as above. When we send a pure statee Q, the fidelity
betweer ¢) and the recovered state is not less than

2

1- ‘ E M|‘P>®LM|0env>

€&unc

where| -|| denotes the norm of a vector

C. Stabilizer codes and their error correction process

In this subsection we review stabilizer quantum codes introduced in Refs. 4—6E Let
={*xw;® - -®Ww,}, wherew; is eitherl, o, o, or o,0,, Sis a commutative subgroup &), and

S'={MeE:VNeS, MN=NM}.

A stabilizer codeQ is defined as a simultaneous eigenspace of all matric8slinS' has 2+*+*
elements, then din®=2X. The set of simultaneous eigenspacesSa$ equal to{MQ: Me &},
whereMQ={M|¢):|¢) € Q}.

We shall describe the error correction process of a stabilizer code. Suppose that we send a
pure statd ¢) e Q and receivecp € S(H;"). We measure an observable ldf" whose eigens-
paces are the same as thoseSofThen the received stajeis projected to a statp’ that is an
ensemble of pure states in some eigensgac®f S. For M=*w;®---®w, € E we define the
weight w(M) of M by #{i:w;#1}, where # denotes the number of elements in a set. Let
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M e £ such thatMQ=Q’ and that, fMQ=M'Q for M’ € £, thenw(M)<w(M'). We recover
p' to M~ 1p’(M~1)*. With this error correction process the set of uncorrectable errors is con-
tained in

{Me&: there existdM’' e & such thaw(M')<sw(M),

M'Q=MQ, and MS# +*M'S}={M e&: there existi’ e & such thaw(M’')<sw(M),
2

M’'S'=MS', andMS# +M'S}.

Hamad&® showed the following theorem based on Theorem 1.

Theorem 2: Notations as in Theorem 1. Let Q be a stabilizer code with the decoding process
described above. Then there exists a subspace @ such thadim Q' =dim Q/2 and that for all
pure state|¢) e Q’, the fidelity betweefi) and the recovered state is not less than

1_2M2£ ||LM|Oenv>||2- (3)

€ Cunc

Observe that the information rates @fandQ’ in Theorem 2 differ by log 21, which becomes
negligible asm—co. We call a subspad®’ as a subcode @ as in the classical coding theory. We
shall consider the subcod@’ of a stabilizer cod&) in the discussion of Sec. lll.

D. Symplectic geometry

In this subsection we review the symplectic geometric interpretation of stabilizer codes intro-
duced in Refs. 4 and 5. A symplectic geometry is a linear space with a nondegenerate symplectic

form 3! Let F, be the finite field with two elements. Far=(a,,...,a,) € F3 andb=(b;,...,by)
eF}, we define &|b) by (a;,....ay,b1,....by,) € F3" and

f(io’ilo'gl®~--®0':”0'g”)=(5.| b).
We also define the standard symplectic form aff) and @'|b’) e F2" by
(&b")—(ab), (4)

where(-,-) denotes the standard inner producth. For a subspac€C F%” we denote byC*
the orthogonal space & with respect td4). For a subgrousC E, Sis commutative if and only
if f(S)C(f(S))", andS' =f~((f(9))").

E. Linear stabilizer codes and unitary geometry

Calderbanket al® related stabilizer codes to classical error-correcting codes and unitary ge-
ometry, which is a linear space with a nondegenerate hermitian ¥otrat » be a primitive
element inF,, and define

g(+ o-ilo'gl®' - ® (T:”crtz)”) =wa+w’beF).
For vectorsX, y e F, we define arF,-bilinear map
(R2,9) = (%,¥%), ®)

_,

where(,) denotes the standard inner producF[bande:(xf,...,xﬁ). For anF,-linear subspace
C of F}, let C* denotes the orthogonal space®fvith respect tq5). For a subgrousC E, Sis
commutative if and only ig(S)C(g(S))*, andS' =g~ *((g(9))").
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ForX, ye F}, we define the standard Hermitian formxfy by
7(X,¥) =(%%Y), (6)

which is used only in Sec. Ill D. I€ is anF,-linear subspace d¥; , C* is equal to the orthogonal
space ofC with respect to(6). A stabilizer code constructed from &f-linear self-orthogonal
spaceCCF} is said to be linear i is F4-linear. This connection between binary stabilizer codes
and classical codes ovéy, is generalized to nonbinary case in Refs. 32—34.

IlI. LOWER BOUND ON THE QUANTUM CAPACITY

As described in the Introduction, we have to calculate the average of fidelity over all the
stabilizer codes, and show that the average converges to 1. Strictly speaking, we shall use the
subcode of a stabilizer code introduced in Theorem 2. This section is organized as follows: In Sec.
Il A we introduce a definition of the distance of a quantum channel from the identity channel. In
Sec. lll B we calculate the average of fidelity over subcodes of general stabilizer codes of the fixed
rate. In Sec. lll C we deduce a sufficient condition for the rate to let the average of fidelity
converge to 1. In Sec. lll D we indicate that a small modification of the argument in Secs. 1l B
and Il C shows that the same lower bound on the capacity is obtained from the random coding of
linear stabilizer codes.

A. A definition of distance of a quantum channel from the identity channel

We give a lower bound on the quantum capacity in terms of the distance of a quantum channel
from the identity channel. Let us first review a definition of the distance of a quantum channel
from the identity channel introduced in Ref. 22, then show some properties of the definition. Let
I' be a CP map o (H,).

Definition 3: Suppose that there exist a four-dimensional spaeg|By) € Hg, and a unitary
operator U on H®Hg such that

I'(p)=TrelU(p®|eg)(eol ) U*] ()
for all pe S(H,). Write U as
U=IeL to®Lyto,0L,+0,0,8Ly;,,

where L, L,, L,, and L, are linear operators on . Then the distance(’) and (T") of the
channell” from the identity channel are defined by

q(0)=[Lilea)?,
(D) =l eo) [+ Ll eo)lI*+IIL €0}l *.

It is not clear whether the values pfI") andq(I") are uniquely determined Wy alone, that
is, whether they are independent of choicelbfand |ey) in Eq. (7). In order to answer this
question in Corollary 5, we shall represqa{fi’) andq(I") using the operator-sum representation
of I' induced byU and|ey).

Proposition 4: Let|ey),...,|e3) be an orthonormal basis of H and

Ai=(e|U|ep).

By Eg. (8.10) of Ref35,

3
r<p>=i=20 AipAY

for all pe S(H,). Write A as
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Ai:a“l +ai’X0'X+ai’ZO'Z+ ai’XZO'XO'Z.

Then we have another representations ¢Fpand I') as

3
D(F):ZB |ai,x|2+ |ai,z|2+ |ai,xz|21

3
Q(F):;O EWE
Proof: By definition of A;,
Ai=(eilL|eo)l +(eilLy|eo) o+ (&i L €0) o+ (&Ll €)oo, -
Therefore,
a, =(eilLileo), aix=(eilLileo), ai=(eilLleo), aix.=(eillyleo).

Since|ey),...,|e3) are an orthonormal basis, we have

3
q@hmmmé;mm?

The equality ofp(I") can be shown in a similar way. |
Corollary 5: The values of @) and (I") do not depend on choice of U aihe}) in Eq. (7)
Proof: Let

3
Fw=§awr

be another operator-sum representatiol’oBy Theorem 8.2 of Ref. 35, there exists &4
unitary matrixVV such that

Write B; as
Bi:bi,lI +bi,xo'x+bi,za'z+bi,xzo'x0'11

and defined, = (ay, ,...,as))", by=(bg, ,...,bs;)T. Sincel, oy, o, ando,o, are linearly inde-
pendent, we havé,=V4&,. SinceV is unitary, |[b,|=|&, which shows thag(l') does not
depend on choice of representation. The independenpéldf can be shown in a similar wa
The following corollary drastically simplifies the formula for the lower bound in &d).
Corollary 6: p(I')+q(I")=1.
Proof: Notations as in Proposition 4. We have

3
|=i=§)O AFA; .

Taking trace on the both side, we have
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3
Tr[I]=ZO TI A A;]

3
= 20 Tr[(ai,lI + ai,xa'x+ai,zo'z+ ai,xza'xo'z)* X (ai,lI +ai,x0'x+ai,zo'z+ ai,xzo'xo'z)]
=

3
=Tr[|]i20 |ai 1|2+ |ai x|+ @ o 2+ @i x> =T 11(p(T) + q(T)).

B. Average of the fidelity over all the stabilizer codes

In this subsection we shall prove that the average fidelity of the subcodes[phalRn|]]
stabilizer codes converges to 1m@as>c under the conditiong8) and(9). The proof is proceeded
as follows:

(1) For every stabilizer code, there exists its subcode whose fidelity of error correction is lower
bounded by Eq(3). The lower bound3) is expressed as a sum indexed by error operators.
The average of the sum will be divided according to the weight of error operators 1 @&qg.

(2) It is easy to see the part indexed by operators of larger weights converges to-8oas

(3) We shall show that the other part indexed by operators of smaller weights converges to 0 by
the fact that most of stabilizer codes can correct an error of small weight, which will be
rigorously proved in Eq(13) from Lemma 9.

Let § andR be real numbers such that

n

im 3 (?)p(r>‘q<r>“-i=o, ®)

n—soco 1=L0N]

[én] ) o )
log, [i(?)p(r)'Q(F)“_'E}:o(?)3’]

1— lim . >R, 9)

n—oo

where| x| denotes the largest integerx.
Let

A,={CCF3": Cis linear, dimC=n—|Rn|,CCC"}.

Recall that we can construct &im,|Rn|]] stabilizer code from ever@ € A,,. Note thatA,, is not
empty because there exists a self-orthogonal subspace of dimeﬂﬂ'cﬁf" .31 This subsection is
devoted to show the following.

Proposition 7: If R satisfies Eq. (9), then there exists a sequence of subcodes of stabilizer
codes whose rates are greater than or equal to R and whose fidelity converges to-1cas n

Since the information rates of the subco@é and Q in Theorem 2 are asymptotically the
same as1— o, it is sufficient to show that the average of the fidelity bog8dof Q' over all the
stabilizer codes i\, converges to 1 ag—o°.

Let [Oeny) =|e0)®", and forM =0 ®---®0; €& let

LM:Li1®"'®Lin,
whereo,=1 and|eg), L,, Ly, L,, andL,, are as defined in Definition 3. F@e A,, we denote

the set of uncorrectable errors 6fin £ by &£,,{C). The average of the fidelity bour(@) of Q'
over all the stabilizer codes i, is not less than
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1
TA 2 1-2 E |||-M|0env>||2
ﬁAn CeA, Me &EndC)
2 2 2
=1-—= 2 2 HLM|0env>|| + 2 HLM|0env>
BALCA, | MeEndo) M e EmdC)
Isw(M)=<|dn| w(M)>|én]
2
=1-

2 twl0enP| =2 X LwlOenl? (10)
BALCEA, MefmdC) Mes
1<w(M)<|sn| w(M)>|dn]

By the same argument as Ref. 22, one can show that

n

onj+1

p(D)'q(M)",

E ||LM|Oenv>H$,
Meé& i

W(M)E>[5nj

which converges to 0 as— o by the condition(8).
We shall calculate an upper bound for the second term in(Hl). For M e £ we define

B,(M)={CeA,:Me&,,{C)}.
It follows that

1 1

Ly |Oand||?< B, (M)[[Ly|0andlI2. 11
A e ILulOadlP=g X #BMLulon)®. (D
1=sw(M)=<[én] I=sw(M)=<[dn]

Note that we omitted the factor 2 from EQ@LO) for simplicity, because we shall show that the
right-hand side of Eq(11) converges to 0 and factor 2 is negligible.

We shall give an upper bound f@B,(M). To estimatet B,,(M) we shall introduce Lemma
9. In the proof of Lemma 9 we use the Witt theorem, so we review it.

Theorem 8 (Witt): Let K be a fieldVy, V, finite-dimensional Klinear spaces, and;, 7,
symplectic forms on ), V,, respectively. An injective linear map:\;—V, is said to be an
isometryif

Tl(X,y) = TZ(TX!Ty) .

Let W; be a subspace of,V If there exists a bijective isometry from, Yo V, and an isometry
Tw,:W1— V3, then there exists an isometry,lTVl—>V2 such that the restriction of\jl; to W, is

equal to Ty . The same result also holds whep, 7, are Hermitian forms

Proof: See Sec. 20 of Ref. 31. |
Lemma 9: For MeE—{*1}, let A,(M)={CeA,:f(M)e C"\C}. We have

1— 2—2[an
FAM) = (U2 RN = g A, < A, /2 (R,

Proof: Let Sp,(F,) be the group of bijective linear maps cﬁﬁ” preserving the symplectic
form (4). For every pair of spaceS;, C,eA,, every bijective linear map frort, to C, is an
isometry. Consequently, there exisis= Sp,(F,) such thatoC,=C, by the Witt theorem. A

similar argument shows that there existse Sp,(F,) such thats’ (&/b)=(a'|b’) for every pair

of nonzero vectorsd|b), (a'|b’) e F3".
It follows that
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#A(M)=#{CeA,:f(M)eC"\C}
=#{aC:f(M)e(aCy)\aC,,ae Sp(F,)}
=#{aCy:B(f(M)) e (aCy)\aCq,ae Sp(Fy)},

whereC; (resp.p) is an arbitrary fixed element iA,, [resp. Sp(F,)]. Thereforeg A,(M) is the
same among every nonzef¢M).

Since# (C1\C)=2"*IRnl_ 2n=IRnl there are (27IRM—2n~IRMy 4 A pairs of (@|b),C) such
that (d|b) e C'\C andCeA,. Thus ifM# =1, then

2n+[an_2n—[an 1_2—2[an

FAM) = —om_1 #A= (l/TﬁanJ)ﬁ gA,<#A, 2" IR

Remark 10: From Lemma 9 we can improve the quantum Gildarshamov bound slightly.
There exists afi[ n,k,d]] stabilizer code if

1-272% 1 "5 [n
1-g-2 k2 3| )<L (12)

The proof is as follows: For each error ME&, A,(M) is equal to the set of stabilizer codes unable
to detect M as an error. Therefore, by replacifign| with k in Lemma 9, we see that if Eq. (12)
holds, then there is at least one stabilizer code C is able to detect all the errors M i) w
<d, which means that the minimum distance of C is at leadttek idea behind this proof already
appeared in the original proof of the quantum Gilbevlarshamov bound for stabilizer codés
Observe that our bound is slightly better than the quantum Gibéatshamov bound for general
codes?® which implies that afi[n,k,d]] quantum code exists if

1 4! (n

TRE 3 -)<1.
2" = T\

By Eg. (2), M € £ belongs to&,,{C) only if there existsM'’ e £ such thatw(M")<w(M),
Mf-Y{(CH=M'f"}(Ch), andMf 1(C)#M'f 1(C). A spaceC € A, belongs taB,(M) only if
there existsM’ e £ such thatw(M’)<w(M) andM M’ e f~}(C*\C). The last condition is
equivalent toC e A,(M "*M"). Since there are

w(M) (

operatordM’ e £ such thatw(M")<w(M), it follows that

EB(M)< > #A(M M)

M’'e&
w(M’)sw(M)
(M)
#An EA, n\ .
= 2 on- RN = on- RN E 13 (13)
M’'e& j=0 ]
w(M’")=w(M)

An upper bound for Eq(11) is derived as follows:
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2
A 2 FEa(MLulOeny]
1=sw(M)=<|én]
(M)
FAL S
< SR
#A, I\ES 2n-1Rn 120

1I=sw(M)=<|dn]|

n\ .
NETTI

n\ .
NETTIRC 14

For an integer &i<n, by the same argument as Ref. 22, one can show that

S Ituloel=| ] pryac

€

w(M)=i

Therefore Eq(14) is equal to

1 L n . - n\ .
SR Zl ( i )p(F)'q(F)”'Z (j)3',
i= i=0

which converges to 0 as—« by the condition(9).

C. Achievable rate by general stabilizer codes

In the previous subsection, we have shown that if the Rasatisfies Eq(9), then there exists
at least one sequence of subcodes of stabilizer codes of the sateh that the average of fidelity
converges to 1. In this subsection we shall simplify E&.and (9) with which we can easily
compute a lower bound on the capacity of the charhel

We shall deduce a sufficient condition fétto satisfy Eq.(8). By Appendix A of Ref. 36, for
O0<e<A=<1 we have

n
n\, . .
irq _ _\n—i —nD(\|€)
3 [7ea-gnizz o

whereD(\| €) is the classical relative entropy defined by

1-€

N
)\Iog2;+(1—)\)logz

Sincep(I') +q(I') =1 by Corollary 6, the conditioi8) holds if
5>p(T). (15

The term inside of login Eq. (9) can be bounded as follows:
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[6n] i n L&n]
3 Tl 2o, v [
Lon]

L én]
=[p(F)+q(F)]“EO(n) 2 ( )3’ (by Corollary 6
1= =0

<(én+1)

n n
wnJ) 37

<(n+1)exp[nH«5)]13°" (by Appendix B of Ref. 3
=(n+1)exp{n[Hg )+ Slog, 3]},

whereH, is the binary entropy function.
From Proposition 7, Eq(15), and the observations above, we see that the capacity of the
channell is at least

1-{Hd{p(I')]+p(I')log,3;. (16)

Note that the same lower bound on the capacity can also be obtained by the method of Bennett
et al,? though they stated their result only for the depolarizing channel. However, Bastraft
did not address the achievability of the boud®) with stabilizer codes, which is the main focus
of this article.

We shall compare our bound on the capa¢ly. (16)] with the conventional bound for a
general memoryless channel derived from the quantum Gilbert—Varshamov*38amdi the
fidelity bounds for t-error-correcting codes:??> Suppose that we have a sequence of
| &n;|-error-correcting quantum codes of lengthwith lim;_,., nj=o. The condition(15) is suf-
ficient in order that the fidelity of error correction pgn;|-error-correcting codes converges to 1
asi—o. By the quantum Gilbert—Varshamov bound the derived lower bound on the capacity is

1-{Hd2p(I")]+2p(T")log, 3},

which is always smaller than EL6).
When the channdl is the depolarizing channel of the fidelity parametep(I')=1—f and
g(I")=f. The proposed lower bour{éqg. (16)] for the capacity is

1-[H(1—f)+(1-f)log, 3],

which coincides with the lower bound given in Ref. 2. It is not clear to the authors whether our
lower bound can be improved by the method in Ref. 7.

Our analysis for the quantum capacity can be generalized to the capacity-aidémchannel
using thel-adic stabilizer codé4* in a straightforward manner whenis prime. The quantum
Gilbert—Varshamov bound fdradic stabilizer codes can also be proved by Lemma 9.

D. Achievable rate by linear stabilizer codes

In this subsection we shall show that the achievable(tsieby subcodes of general stabilizer
codes can also be achieved by those of linear stabilizer codes, which shows the asymptotic
optimality of linear stabilizer codes among general ones. As a byproduct we establish an analog of
Gilbert—Varshamov bound for linear stabilizer codes.

Let

={CCF}:C is F4—linear, dim, C=[(n—Rn)/2|, CCC'}.
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Recall that we can construct dfin,n—2|(n—Rn)/2|]] linear stabilizer code from everg
e Al,. Note thatA] is not empty because there exists a self-orthogonal subspace of dimension
[n/2] in F} (see Proposition 2.3.2 in Ref. BFor M € &, define

Al(M)={CeA/:g(M)eC"\C},
B, (M)={CeA/:M is uncorrectable byC}.

By these definitions ofA/(M) and B/ (M), all the arguments except Lemma 9 in the previous
subsections can be used for showing that the (Hgis achieved by subcodes of linear stabilizer
codes. In this subsection we prove an upper boluesinma 13 for #A/(M) that can be used as
a substitute for Lemma 9.

Lemma 11: Define by Eq. (6). The number of nonzero vect6ksK; such thatr(X,x) =0 is
22n-1,4 (_ 1)n2nfl_ 1.

Proof: See the proof of Proposition 2.3.3 in Ref. 39. ]

Lemma 12: Let &|(n—RnN)/2]. For M e E\{*1}

4nfu_4u 4nfu_4u

ﬁAr,'n(M)S min{22n—l+(_1)n2n—1_ 1 22n—1_(_1)n2n—1} ﬁAr,'ng 22n—1_2n—l_

CHA

Proof: Let GU,(F,) be the group of bijective linear maps &f} that preserve the value of the
Hermitian form. For every pair of space3,,C,e A/, every bijective linear map frorg€, to C,
is an isometry. Thus there exisis= GU,(F,) such thatoC,=C, by the Witt theorem. For a pair
of nonzero vectors,y e F with 7(X,X) = 7(y,y) =0, a similar argument shows that there exists
o e GU,(F,) such thatox=y.

We want to show that for a pair of vectoksy e F; with 7(X,X)#0 and r(y,y)#0, there
exists o € GU,(F,) such thatoeX=y. Since 7 is a Hermitian form,r(X,X) e F,. Therefore
7(X,X)=7(y,y) =1, and there existee GU,(F,) such thatoX=y by the Witt theorem.

A similar argument to the proof of Lemma 9 shows that fbe E\{ =1} we have

4nfu_4u
ﬁ:Ar{l(M)s22n—1+(_1)n2n—l_11¢Ar,1 If T(g(M),g(M))ZO,

n—u u

4
ﬁAl;(M)g22n—l_(_1)n2n—1ﬂAr{1 If T(g(M)ag(M))¢O

Remark 13: From Lemma 11 we can show that there exisfgrak,d]] linear stabilizer code
if k is even and

2(1—272 1 T n
1_2—n_2—2n+1‘ 2n—ki:21 3|( i )<1,

Whid;zios asymptotically the same as the quantum Gitbéatshamov bound for general quantum
code

Remark 14: The connection between stabilizer codes and classical codes,ovas gener-
alized to nonbinary case in Refs.-324. The argument in this subsection can be extended to linear
|-adic stabilizer codes for a prime | with the following exception: In the proof of Lemma 11, there
does not always exist e GU,(F2) such thatoX=y for a pair of vectors™xy e F,”z with 7(X,X)
#0 and 7(y,y) # 0. However, there always existse U/ such thatoX=Yy, wherel{ is the group
generated byGU,(F,2) and nonzero scalar multiples of the identity mapl%jh.
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