THE C,, CURVE

RYUTAROH MATSUMOTO

ABSTRACT. We characterize the defining equation of aplane algebraic curve with exactly
onerational place Q at infinity, then giveabasisof L(mQ) with pairwisedistinct pole orders
a Q. The defining equation can be regarded as a generalization of the Welerstrass form of
ahyperelliptic curve.

In this informal note | give an English proof of the results of the C_, curve found by
Miura[4, 5, 6]. Throughout in thisnote, K denotes aperfect field, and a, b denote relatively
prime positive integers. For a place Q of an algebraic function field, we define

L(=Q) = JL(iQ),
i=1

and Vo denotes the discrete valuation at Q. We say a place Q K-rational if the degree of Q
isone.

Theorem 1. [5, Theorem 5.17 and Lemma 5.30], [6, Appendix B and Lemma, p.1416]
Let K be the algebraic closure of K, x € K2 be a possibly reducible affine algebraic set
defined over K, x,y the coordinate of the affine plane K2, and a, b relatively prime positive
integers. The following 2 conditions are equivalent.

1. x isan absolutely irreducible algebraic curve with exactly one K-rational place Q
at infinity, and the pole divisors of x and y are aQ and bQ respectively.
2. x isdefined by a bivariate polynomial of form

(1) a0 oX° + 0 Y2 + % a; Xy,
ia+|b<ab

whereq; ; e K for all i, j and ay, , 0 , are nonzero.

Proof. (1= 2) Let X,Y be variables over K, F(X,Y) € K[X,Y] the defining equation of
X, andx,y € K[X,Y]/F(X,Y) the elements represented by X,Y.

Consider the minimal polynomia G(x,Y) of y over the subfield K(x). Since [K(x,y) :
K(x)] = a[9, Theorem 1.4.11], the degree of G(x,Y) isa. Theintegral closure of K[X] in
K(X,y) isL(«Q) [9, Theorem 111.2.6], and y € L(«Q). Thusy isintegral over K[x], and
G(x,Y) € K[x,Y]. Write G(X,Y) as

g B XYl

If vy (X'y)) = —ab and both i and j are nonnegative, then (i, j) is either (b,0) or (0,a).
By the strict triangle inequality of a discrete valuation [9, Lemmal.1.10], for every term
B jx'yJ in G(x,y), vQ(x'yJ) > —ab, and the coefficient 3, ; of the term Bb,oxb is nonzero.
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Thereforeif B ;X'y! isatermin G(x,y), then the exponent (i, j) is either (b,0) or (0,a), or
ai +bj < ab.

Finally we have to show that F (X, Y) isaconstant multiple of G(X,Y), and it is enough
to show that G(X,Y) generates the kernel of the canonical homomorphism ¢ : K[X,Y] —
K[x,y]. If H(X,Y) € ker¢ \ {0}, then the degree of H(X,Y) in Y is at least a, because
G(x,Y) isthe minimal polynomial of y over K(x). Thus {G(X,Y)} is a Grobner basis of
ker ¢ with respect to the lexicographic monomial order Y > X [1, Definition 5, Section
2.5], and a Grobner basis generatestheideal [1, Corollary 6, Section 2.5].

(2=1) Let F(X,Y) bethe polynomial of (1), and x,y the elementsin K[X,Y]/F(X,Y)
represented by X,Y. By the theory of Grobner bases [1, Proposition 4, Section 5.3], we
see that

2 {Xyljo<i,0<j<a-1}

isabasisof K[x,y] asaK-linear space, where {F (X,Y)} isviewed as a Grobner basiswith
respect to the lexicographic monomial order Y > X.
Any element f in K[x,y] can be written uniquely as a polynomial

() ZBi,inyj7
]

where each monomial X'y! belongs to the basis (2) and 3, ; € K. We define a function o
from K[x,y] to ZU {—c} to be

0(0) = —oo,
o(f) = max{ak+hl|x<y isamonomial of f writtenas(3).},

where f isnonzero. Thenfor f,g e K[x,y], o(f) = —c0 iff f =0and o(fg) = o(f)+0(g),
where the sum of —c and an integer is —co.

Now we can prove the absolute irreducibility of the polynomial (1). The following
discussion is based on [3, Proposition 12]. Suppose that fg =0 for f,g € K[x,y]. Then
0o(fg) = —co, whichimplieso(f) = —o0 or 0(g) = —c0. ThusK|[x,y] isan integral domain.
This argument is valid if K is replaced by its algebraic closure. So the polynomial (1) is
absolutely irreducible.

Next we will show that x has exactly one place at infinity. Note that K(x,y)/K is an
algebraic function field with the full constant field K. We define a function v from K(x,y)
to Z U {eo} such that for nonzero f /g € K(x,y), v(f/g) = 0(g) — o(f) and v(0) = c. Then
v satisfies the axiom of the discrete valuation [9, Definition 1.1.9]. Let Q be the place of
K(x,y)/K corresponding to v, and P, be the pole of x in the rational function field K(x).
Then Q lies over P, and the ramification index of Q over P, is a, which equals to the
extension degree [K(x,y) : K(x)]. Thus P, istotaly ramified, Q is K-rational, and the pole
divisor of x in K(x,y) isaQ. A similar argument shows that the pole divisor of y is bQ.
Since K[x,y] C L(«Q), the set of places at infinity is {Q}. O

Definition 2. A plane curve defined by a polynomial of the form (1) is said to be aC,
curve.

Corallary 3. [5, Theorem 5.17], [6, Appendix B] Let F(X,Y) € K[X,Y] be a polynomial
of the form (1), Q a unique place at infinity of the C_,) curve defined by F(X,Y). Then

{X'Y) mod F(X,Y)|0<i,0<j<a—1}
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isa K-basis of K[X,Y]/F(X,Y) and elements in the basis have pairwise distinct discrete
valuations at Q. If the C, curve is nonsingular, then K[X,Y]/F(X,Y) = L(«Q) and a
basisof L(mQ) is

{X'Y) mod F(X,Y)|0<i,0< j<a—1,ai+bj<m},
for a nonnegative integer m.
The previous corollary overlaps with [8, Proposition 13 and 14].

Corollary 4. [5, 6] Let F /K isan algebraic function field with a K-rational place Q. Then
there exists a C, curve defined over K with the function field F.

Proof. There exist elements x,y € F such that pole divisors of x and y are aQ and bQ
respectively, and a,b are relatively prime positive integers. We claim that F = K(x,y).
[F:K(X)] =aand [F : K(y)] = b by [9, Theorem 1.4.11], and [F : K(x,y)| divides both
[F:K(x)] and [F : K(y)]. Thus[F : K(x,y)] = 1.

Consider the ring homomorphism ¢:

KX,Y] — K[xyl,
fX)Y) — f(xy),

where X,Y are variable over K. Then the plane curve defined by ker¢ isaC,, curve by
Theorem 1. O

Historical Note 5. The results in this note are generalizations of [4], and were first offi-
cialy published in [5]. Theresultsin [6] is asubset of [5], and aso contain the resultsin
thisnote. In [4] Miura proved the following fact.

Let x beanonsingular affine algebraic curve defined by abivariate polynomial
of the form (1). Then x has exactly one rational place Q at infinity, the pole
divisors of x and y are aQ and bQ respectively, and abasis of L(mQ) is {Xy! |
0<i,0< j<a-1, a+bj<m}foranonnegative integer m.
In[4] itisnot clear whether the affine algebraic set defined by the polynomial (1) isaways
irreducible.

Historical Note 6. Miura told the author that he learned the proof of the absolute irre-
ducibility of a polynomia of the form (1) from the preprint version of Pellikaan's paper

[71.

Historical Note 7. A subclass of C_,, curves was treated in [2, pp.1007-1009], and called
"type | of plane affine curves.”
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